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Exact Order Reduction for State-Space Models of

Multidimensional Systems

(Abstract)

Completely different from the conventional one-dimensional (1-D) system, the mini-
mal state-space realization of multidimensional systems is an extremely difficult problem.
Thus, the existing realization processes often result in (non-minimal) models with rela-
tively high orders. However, these high-order models will cause difficulties with respect
to complexity and efficiency in system analysis and synthesis. It is, therefore, of great
importance to develop exact order reduction approaches, which can reduce a given state-
space model of a high order to a corresponding low-order one without introducing any

approximation error or changing the input-out relation.

Inspired by the fact that the Popov-Belevitch-Hautus (PBH) tests characterize the
reducibility of 1-D systems in terms of eigenvalues and eigenvectors, this thesis is devoted
to studying the exact order reduction of n-D state-space models from the point of view
of eigenvalues and eigenvectors. The key idea is to introduce the notion of common
eigenvectors, by which we can successfully deal with multiple eigenvalues of n-D state-space
models simultaneously and then establish a new approach to tackle this long-standing open

problem. The main results and contributions are concerned with the following four aspects:

e First, a preliminary attempt is made for the n-D Roesser model based on a single

eigenvalue, which only focuses on one sub-matrix corresponding one variable.

e Second, it is shown that by using the notions of multiple eigenvalues and constrained
common eigenvector for multiple matrices, we can derive new reducibility conditions
and the corresponding reduction procedures for the F-M model and the Roesser
model, respectively. It will be clarified that this common eigenvector approach is
applicable to a more general class of n-D state-space models for which the existing
approaches fail to reach further order reduction. A Grobner basis approach is also
proposed to compute such a constrained common eigenvector, which leads to an

alternative reducibility condition.
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e Then, the common eigenvector reduction approach is further generalized based on the
notion of common invariant subspace of multiple matrices. Specifically, more general
reducibility conditions and the corresponding reduction procedures are presented for
the n-D state-space models, which includes the results based on common eigenvectors

as a special case.

e Finally, it is shown that an n-D Roesser model, which cannot be reduced by the
proposed reduction methods and the other existing methods in the literature, may
become reducible again when it is transformed into another equivalent Roesser mod-
el. Sufficient conditions and the corresponding procedure to derive such equivalent

Roesser models are presented.
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LFT

LSI

MIMO

MFD

n-D

PBH
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Linear Fractional Representation
Fornasini-Marchesini
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Notation

direct sum
Kronecker product

is defined by

the imaginary unit which satisfies j2 = —1

a collection of variables z1,..., z,
(i1, yin), (K1, kn)
i1+...+1,

set

is a subset of

is an element of

the field of real numbers

the field of complex numbers

either R or C

the set of nonnegative integers {0,1,2,...}
the polynomial ring R in n variables 21, ...

the field of rational functions over R in n variables z1, ...

the set of p x ¢ real matrices

the set of n X m complex matrices
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e

A(i, k)

vii
either R"*™ or C"*™
R™! (set of real column vectors)
C™*! (set of complex column vectors)
either R™ or C”
a set of p x ¢ matrices with entries in R[z]
a set of p x ¢ matrices with entries in R(2)
the n x n identity matrix
an identity matrix whose dimension can be inferred from context
the n X m zero matrix
an n X m zero matrix whose dimension can be inferred from context
the standard orthonormal basis for R™
the dimension of the matrix A
the kernel of the matrix A
the image of the matrix A
the determinant of the matrix A
the rank of the matrix A
the transpose of the matrix A
the conjugate transpose of the matrix A
inverse of matrix A

the entry lying on the intersection of the ith row and kth
column of A

the kth column of A
the 7th row of A

the ith entry of x € F"
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diag(Ai,...,A,) a block diagonal matrix such that A; is its ith diagonal element

(] end of proof
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Chapter 1

Introduction

In this introductory chapter, the background and motivation to exact order reduc-
tion for state-space models of multidimensional systems are discussed. Then, four main

contributions are delineated. Finally, the organization of the thesis is presented.

1.1 Background and Motivation

Over the last four decades, multidimensional (n-D) systems received a lot of attention
due to their significance in both theory and practical applications such as image process-
ing [1,2], automatic control [3,4], circuit analysis [5,6], the real-time implementation of
distributed grid sensor networks [7-10]. The characteristic feature of n-D systems is the
presence of more than one, i.e., n > 1, independent variables, which implies that the
signals in these dynamic systems propagate in n different directions, whereas those in
one-dimensional (1-D) systems spread along one same direction. This essential difference
makes it extremely awkward to generalize the conventional 1-D system theory to n-D
case and it has been recognized that even some fundamental concepts and notions in the
conventional 1-D system theory do not exist their counterparts in n-D system theory, e.g.,
the minimality of the realization (see [11-13] for the details). A fundamental problem
for the n-D filters or systems is to construct a certain kind of n-D state-space model,
typically the Roesser state-space model or the Fornasini-Marchesini (F-M) (second) state-
space model, from a given transfer function or transfer matrix [14-17]. Moreover, Roesser
model realization is basically equivalent to representing a parameter-dependent matrix as
a linear fractional representation (LFR) for robustness analysis and synthesis of uncertain

systems. It is difficult in general to obtain a minimal realization for a given n-D (n > 2
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) system [18-20]. However, to improve the accuracy and to reduce the computational
effort for the analysis of n-D system and the LFR-based robust control techniques, it is of
paramount importance to develop effective procedures to generate realizations with lowest
possible orders [16,17].

There are in general two ways to achieve this goal. One is to directly develop realization
approaches that can generate a Roesser model or an F-M model from a given n-D transfer
function or matrix with order as low as possible. And the other is to develop order
reduction approaches that can further reduce, if possible, the order of a given or known
n-D Roesser model or F-M model in an exact manner, i.e., reduce the order of a given
state-space model without introducing any approximation error or changing the original
input-out relation.

For establishing effective realization approaches, considerable efforts have been made
and a series of significant results have been obtained (see, e.g., [3,11,17,19,21-23] and
the references therein). These realization methods can be generally classified into three
main categories: the object-oriented LFR realization approach [3,4], the elementary op-
eration approach [17,19, 22|, the direct-construct realization approach [11, 20, 24, 25]. The
object-oriented LFR realization approach [18,26] starts with generation of elementary
LFR objects for the parameters or variables in the given transfer function matrix. Then,
some basic formulas for the combination of LFRs are employed to finally generate an
over realization[18]. It is conceptually simple and can be easily implemented by software
implementation [3,4]. However, the combination of the elementary LFRs requires a lot
of matrix calculations and complicated permutations for grouping together and sorting
lexicographically the variables, which usually brings considerable computational burden
[4,27]. The elementary operation approach, which was initially proposed by Galkowski
[22], obtains a Roesser model realization by performing appropriate elementary operations
on a polynomial matrix. To overcome the main difficulties encountered by Galkowskis ap-
proach which often leads to a singular state-space realization even when a standard or
regular realization exists, a new elementary operation approach is proposed [17,19]. The
advantages of this new elementary operation approach are that it provides a method to deal
with the coefficient-dependent or field-dependent property of the n-D realization problem,
and can be easily implemented a computer program in, e.g., MATLAB or Maple. The

direction-construction realization approach is to directly generate an overall realization
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by constructing some special polynomial matrices (or vectors). The approach given in
[24, 25] requires constructing two polynomial vectors, say w and z, from the n-D mono-
mials appearing in the given n-D polynomial matrix such that w = Az with A being a
diagonal uncertainty block structure to be found. The drawback of this approach is that
it makes the order of the resultant realization unnecessarily high, and it does not involve
the coefficient values of the given transfer matrix. In order to obtain a realization with
lower order, an alternative direct-construct Roesser model realization approach has been
proposed in [11,20]. Since the approach in [11,20] is to compute a so-called admissible n-D
polynomial matrix ¥ instead of monomial matrix for the given transfer matrix expressed
as G(z1,...,2n) = Np(21,...,20)D7 (21, ..., 2,) such that Ny(z1,...,2,) = CZ® and
®DY(z1,...,2n) = (I — AZ)~! with Z in the same structure as A, it can produce much
lower realization order than the method of [24,25]. Also, a series of direct-construction re-
alization method have been developed for the F-M model realization (see, e.g., [14, 16, 28]).

However, for the exact order reduction of n-D state-space model, though some pre-
liminary results have been reported in the literature [15,29-32], there still remain many
insights and issues to be explored.

It is well known that, for the conventional 1-D systems, a state-space is minimal (not
reducible) if and only if it is both controllable and observable. In the context of n-D
systems, however, the reducibility problem becomes much more complicated. Completely
different from the conventional 1-D counterpart, the n-D state-space models have more
complex structures involving n different variables. In particular, different blocks or subma-
trices of the state matrix of the n-D Roesser model correspond to different variables, which
must be treated very carefully in various scenarios. The complex nature of n-D systems
also make the controllability and observability much more difficult, and different notions
on controllability and observability of n-D systems have been introduced. However, these
notions are not very satisfactory in the sense that a state-space model can be minimal
without being controllable or observable and conversely a system can be controllable and
observable without being minimal. In other words, the relationship between reducibility
and controllability or observability has not yet been clearly clarified.

Lambrechts et al. have later shown in [26] a way to apply the 1-D Kalman decompo-
sition to the order reduction of an n-D system. That is, by taking a certain one of the

n variables as the main variable and viewing the given n-D Roesser state-space model
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as a 1-D model with respect to the chosen main variable, it is possible to apply the 1-D
Kalman decomposition to this n-D system, and repeating this operation successively to
each of the left n-1 variables one can finally obtain a reduced-order n-D Roesser model.
However, the effectiveness of this method is rather limited as it cannot deal with all the
n variables simultaneously [33].

More recently, some novel results have been obtained in [30, 31, 34, 35] by restricting
the paradigm to the so-called non-commuting n-D systems, in which, e.g., z1 25 is not equal
to 2921, for variables z; and z9. By introducing the notions of structured (or generalized)
Gramians, structured controllability /reachability and observability, it has been clarified
in [31,34] that a given non-commuting n-D system is reducible if and only if there exists
a singular structured Gramian. In principle, this approach can also be applied to a com-
muting system by fixing it as certain non-commuting system. However, it is easy to see
that the non-commutativity is a rather strong restriction and this method cannot lead to
satisfactory order reduction in general. Therefore, the essential difficulty for the reduction
problem of n-D systems remains challenging and new approaches are highly desired.

Moreover, all these exact order reduction are restricted to the Roesser model. Since
the F-M model has totally different structural properties, the methods developed for the
Roesser model cannot be directly applied to the F-M model. Furthermore, although
embedding of a Roesser model into an F-M model preserves the order of the model, the
reverse embedding requires, in general, increasing the order of the model [36,37], and
this fact means that it is also difficult to achieve an order reduction by first transforming
an F-M model to an equivalent Roesser model and then using any exact order reduction
methods for the equivalent Roesser model.

For the conventional 1-D systems, the well-known PBH tests for the controllability
and observability reveals the relationship among the eigenvalues, the eigenvectors and the
reducibility of a given 1-D state-sapce model [38]. In other words, the reducibility of a
1-D system has a close relationship with eigenvalues, eigenvectors. For example, for the

conventional 1-D system
' = Az + Bu, (1.1a)

y = Cx + Du, (1.1b)
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where z € R", v € R? and y € R? are the state vector, the input vector and the
output vector, respectively; A € R™", B € R™4, C € RP*" and D € RP*9, if the

(A - AIT)
C

equivalently, the system matrix A has a right eigenvector w such that Cw = 0, then the

matrix is not full column rank for some eigenvalue A € C of the matrix A, or
given 1-D model is not observable and can be reduced [38].

Inspired by this fact, this thesis is devoted to studying the exact order reduction of n-D
state-space models from the point of view of eigenvalues and eigenvectors without involving
the difficulties for n-D controllability and observability. The key idea is to introduce the
notions of multiple eigenvalues and common eigenvector, by which we can successfully deal
with multiple coefficient matrices related to n-D state-space models simultaneously and

thus establish a new approach to tackle this long-standing open problem.

1.2 Main Contributions

We now detail the specific contributions of this thesis, splitting them into four parts.

1.2.1 Eigenvalue Trim Approach to Exact Order Reduction for the Roess-
er Model

An eigenvalue trim approach is proposed to exact order reduction for the Roesser
model based on a single eigenvalue, which explores essential insights on the connection
between the eigenvalues and the reducibility of the corresponding n-D Roesser model, and
to establish a more effective approach to exact order reduction for n-D Roesser models.

In particular, a new notion of eigenvalue trim or co-trim for the n-D Roesser (state-
space) model is first introduced, which reveals the internal connection between the eigen-
values of the system matrix and the reducibility of the considered Roesser model. Then,
new reducibility conditions and the corresponding order reduction algorithms based on
eigenvalue trim or co-trim are proposed for exact order reduction of a given n-D Roesser
model, and it will be shown that this eigenvalue trim approach can be applied even to
those systems for which the existing approaches cannot do any further order reduction.
Furthermore, a new transformation for n-D Roesser models, by swapping certain rows and
columns and interchanging certain entries that belong to different blocks corresponding to
different variables, will be established, which can transform an n-D Roesser model whose

order cannot be reduced any more by the proposed approach to another equivalent Roesser
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model with the same order so that this transformed Roesser model can still be reduced

further.

1.2.2 Common Eigenvector Approach to Exact Order Reduction for
State-space Models of Multidimensional Systems

A common eigenvector approach is proposed to exact order reduction for state-space
models of multidimensional systems by using multiple eigenvalues and common eigenvec-
tors, which overcome the limitation of the eigenvalue trim approach on eigenvalues of one-
sub-matrix. Specifically, the notion of constrained common eigenvectors is introduced,
for the first time, which provides insight into the relationship between reducibility and
multiple eigenvalues. Based on this result, new sufficient reducibility conditions and the
corresponding reduction procedure are developed for n-D F-M models and Roesser models,
respectively. It will be shown that this common eigenvector approach is applicable to a
larger class of Roesser models for which the existing approaches may not be applied to
do further order reduction. A Grobner basis approach is proposed to compute such a

constrained common eigenvector, which also leads to an equivalent reducibility condition.

1.2.3 Common Invariant Subspace Approach to Exact Order Reduction
for State-space Models of Multidimensional Systems

The common eigenvector approach is extended based on a more general notion of the
common invariant subspace. Then, an innovative common invariant subspace approach
is derived for exact order reduction an n-D state-space model and it is clarified that
this approach can generate a minimal state-space model of an n-D system in the non-
commutative setting, which is from a point of view different to the methods reported
in the literature. Specifically, new sufficient reducibility conditions based on common
invariant subspaces are developed for the F-M model and the Roesser model, respectively.
It is shown that the common invariant subspace approach includes the common eigenvector
approach as a special case. Based on these new reducibility conditions, new constructive

reduction procedures are given for the F-M model and the Roesser model, respectively.

1.2.4 Further Exact Order Reduction

The exact order reduction for the n-D Roesser model is further studied based on

equivalence relationship. In particular, two types of transformations are firstly established
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to obtain equivalent Roesser models. It turns out that applying these two equivalent trans-
formations to a minimal n-D Roesser model in the non-commutative setting can change
the non-commutative transfer matrix of this n-D Roesser model and then the transformed
n-D Roesser model may be reduced again by applying the common invariant subspace
approach. Based on this fact, a novel reduction procedure is presented, which repeatedly
applies the common invariant subspace approach to generate a minimal Roesser model
realization in the non-commutative setting and the two equivalent transformations to
obtain another Roesser model with different non-commutative transfer function matrices,

such that an n-D Roesser model with order as low as possible can be obtained.

1.3 Outline of the Thesis

The thesis consists of eight chapters and is organized as follows.

In order to make the thesis readable and self-contained, some fundamental mathemat-
ical preparation and notions are given in the next chapter,

Chapter 3 summarizes some basic concepts of the n-D systems and the existing results
of exact order reduction for n-D systems.

In Chapter 4, an eigenvalue trim approach is proposed to exact order reduction of an
n-D Roesser model based on a single eigenvalue.

In Chapter 5, a common eigenvector approach is presented to exact order reduction
for n-D state-space models by using multiple eigenvalues and common eigenvectors

In Chapter 6, an innovative common invariant subspace approach is derived for exact
order reduction an n-D state-space model.

Chapter 7 further studies the exact order reduction for an n-D Roesser model based
on equivalence relationship.

Chapter 8 summarizes the main results of this thesis and puts forward some further

potential possibilities and problems for future research.



Chapter 2

Mathematical Preliminaries

In this chapter, some fundamental mathematical preparation and notions are give to

make the thesis readable and self-contained.

2.1 Vector Spaces

Scalar field

Underlying a vector space is its filed, or set of scalars [39]. For our purpose, that
underlying fields is typically the real numbers R or the complex numbers C, but it could
be the rational functions over R in n variables z1, ..., z, denoted by R(z) and the complex
rational functions over C in n variables zi,..., 2, denoted by C(z). When the field is
unspecified, we denoted it by the symbol F for numbers and F(z) for rational functions.
To qualify as a field, a set must be closed under two binary operations: ”addition” and

"multiplication” satisfying [39]:

e both operations must be associative and commutative, and each must have an iden-

tity element in the set;

e inverses must exist in the set for all elements under addition and for all elements

except the additive identity under multiplication;
e multiplication must be distributive over addition.

Vector Space

A wvector space V over a field F is a set V' along with an addition on V and a scalar

multiplication on V' such that the following properties hold [40]:
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commutativity: v+ v =v + u for all u,v € V;

associativity: (u+v)+w = u+ (v+w) and (ab)v = a(bv) for u,v,w € V and a,b € F;
additive identity: there exists an element 0 € V such that v + 0 = v for all v € V;
additive inverse: for every v € V| there exists w € V such that v + w =0
multiplicative identity: 1lv = v for all v € V;

distributive properties: a(u + v) = au + av and (a + b)u = au + bu for all a,b € F

and all u,v € V.

For a given field F and a given positive integer r, the set F” of r-tuples with entries
from F forms a vector space over F under entrywise addition in F” [39]. Our convention is
that elements of F" are always presented as column vectors; we often call them r-vectors.
The special cases R" and C” are basic vector space of this thesis; R" is a real vector space,
i.e., a vector space over the real field, while C" is both a real vector space and a complex

vector space, i.e., a vector space over the complex field [39].

Subspace, Span, and Linear Combinations

A subset U of V is called a subspace of V' if U is also a vector space (using the same
addition and scalar multiplication as on V') [40]. If S is a subset of a vector space V over
a filed F, span S is the intersection of all subspaces of V' that contain S. If S is nonempty,

ie. S={vy,...,v}, then
span(S) = {a1v1 + agvg : v1,..., v, € S,a1,...,a; € F}. (2.1)

A linear combination of vectors in a vector space V over a field F is any expression of
the form ajv1 + apvy in which k is a positive integer, ai1,...,ax € F, and v1,...,v, € V
[39]. Thus, the span of a nonempty subset S of V' consists of all linear combinations of
finitely many vectors in S. A linear combination ajvy + ...axvg is trivial if a; = ... =
ar, = 0; otherwise, it is nontrivial.

Let S; and S5 be subspaces of a vector space over a field F. The subspace is

S1+ 59 = span{51 U SQ} = {u +v:u€ S,veE SQ} (2.2)
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called the sum of S7 and So [39]. If {S; US2} = {0}, we say that the sum of Sy and S5 is
a direct sum and write it as S1 @ Sy [39]; every z € S1 @ Sy can be written as z = u + v

with u € 1 and u € S5 in one and only one way.

Linear dependence and linear independence

A finite list of vectors v1, ..., vy in a vector space V over a field F is linearly dependent
if and only if there are scalars ay....,a; € F, not all zeros, such that ajvy +...apvr =0
[39]. Thus, a list of vectors v1,..., vy is linearly dependent if and only if some nontrivial
linear combination of vi,..., v, is the zero vector. It is often convenient to say that
”vectors v1, ...,V are linearly dependent” instead of the more formal statement ”the list
of vectors w1, ..., vy is linearly dependent.”

A finite list of vectors vy, .. ., vy in a vector space V over a field F is linearly independent
if it is not linearly dependent [39]. Again, it can be convenient to say that "wvy,..., vy are

linearly independent” instead of ”the list of vectors vq,..., v is linearly independent.”

Basis

A linearly independent list of vectors vy, ..., v in a vector space V whose span is V is
a basis for V. Each element of V' can be represented as a linearly combination of vectors
in a basis in one way and only one way;

Other detailed properties as well as more systematical definition related vector space

can be found in, e.g., [39,40].

2.2 Matrix

A matriz is an m x n (m-by-n) array of scalars from a field F [39]. If m = n, the
matrix is said to be square. The set of all m x n matrices over F is denoted by F"*"™. The
vector space F*! and F™ are identical. A submatriz of a given matrix is a rectangular

array lying in specified subsets of the rows and columns of a given matrix.

Range Space and Null Space

The range of A € F™*" denoted by range A, is defined by [41]:

range(A) £ {Ax : x € F"} (2.3)
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It is known that (2.3) can be rewritten as
range(A) = span{z TRA(L k)Y, (2.4)
k=1

where xj, is the k-th entry of the vector . Thus, the range of A is also called its column
space. The row space is {xTA : x € F™} [39)].
The null space or kernel space is defined by

null(A) £ {z € F" : Az = 0}. (2.5)

The nullity of A, denoted by nullity(A), is the dimension of null(A); The rank of A,
denoted by rank(A) is the dimension of range(A). These numbers are related by the

rank-nullity theorem
dim(rank(A)) 4+ dim(null(A4)) = rank(A) + nullity(4) = n (2.6)
for all A € F™m>".

2.3 Eigenvalues, Eigenvectors, and Invariant Subspaces

2.3.1 Invariant Subspaces

Let A : F® — F™ be a linear transformation, or say A € F"*". A subspace M € F"

is called (right) invariant for the transformation A, or A-(right) invariant, if
Aw e M (2.7)

for every w € M [42].
In other words, M is (right) invariant for A means that the image of M under A is
contained in M; AM C M. Trivial examples of (right) invariant subsapces are {0} and

C"™ [42]. Less trivial examples are the subspace
Ker(A) ={w € C" : Aw =0} (2.8)
and

Im(A) = {Aw : w e C"}. (2.9)
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A subspace W is called a common right invariant subspace of Ay, ..., A4, if

Ajw eWw
(2.10)

A,weW

for every w € W. Similarly, a subspace W is called a common left invariant subspace of

Ay, A, if

wTA1 ew
(2.11)

wl A, eW

for every w € W.
Some properties of the invariant subspace, which will be use full in this thesis, are

stated as follows.

Lemma 2.1. [43] A space W with a basis {w1,...,wn} is a right invariant under the

linear transformation A € F™*™ if and only if

Aw;, i€{l,...,m}, (2.12)
s a linearly combination of the vectors w1, ..., wn,.
Lemma 2.2. A space W with a basis w1,...,wny is a common right invariant subspace
matrices of matrices Ay, ..., Ay if and only if
Awg, 1€{1,....,n}, ke{l,...,m}, (2.13)
18 a linearly combination of the vectors w1, ..., wn.

Other detailed properties about the invariant subspace can be found in, e.g., [42,43].
2.3.2 Eigenvalues and Eigenvectors

Let A € C™*™. If a scalar A and a nonzero vector @ satisfy the equation

Az =) x, xz€C", x#0, MeC (2.14)



2.3.  Eigenvalues, Eigenvectors, and Invariant Subspaces 13

then A is called an eigenvalue of A and « is called a (right) eigenvector of A associated

with A [39]. The pair A,  is an eigenpair for A. Similarly, a vector x satisfying
zTA=)aT, zeC" x+#0, NeC (2.15)
is called a left eigenvector for A.

Remark 2.1. For a given matric A € C™ " and let W = span{w} with w being any
eigenvector of A. It can be verified that the space W is an invariant subspace of A with

dimension 1.

Lemma 2.3. [43] The span of a set of vectors that forms a chain of generalized eigenvec-

tors for a matriz A corresponding to an eigenvlaue A is an invariant subsapce for A.



Chapter 3

Multidimensional Systems and
Exact Order Reduction for
State-Space Models

This chapter summarizes some basic concepts of the n-D systems and the existing

results of exact order reduction for state-space models of n-D systems.

3.1 Multidimensional Signals and Systems

3.1.1 Multidimensional Signals

A signal is a physical quantity that can carry information, in general, about dynamic
states and behaviors of a physical system. Mathematically, a signal can be represented
by a function with certain variable. A multidimensional (n-D) signal is a signal which is
represented by a function with n independent variables.

The independent variables and the amplitude of an n-D signal may be either contin-
uous or discrete. For this reason, n-D signals are classified as continuous, discrete and
digital signals. Continuous signals are signals whose independent variables are continuous
and thus are represented by continuous variable functions. Discrete signals are those
which possess discrete variables but continuous amplitudes and thus are characterized by
sequences. Digital signals are those for which both independent variables and amplitudes
are discrete. Additionally, signals whose independent variables and amplitudes are both
continuous are sometimes referred to as analog signals. Since the main problems considered
in this thesis are associated with n-D discrete systems, the n-D discrete signals which can

be represented by sequences are in particular concerned.

14
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A sequence u in n discrete variables (integer variables) iy, ..., 1, is formally expressed
as

u=u(it,...,0), —00<ij<oo, j=1,...,n (3.1)

As in the 1-D case, some typical n-D discrete signals, such as unit-sample sequence,
play important roles in n-D systems theory. The unit-sample sequence (i1, ..., i), also
often referred to as wunit impulse, is defined as the sequence that is zero except at the
origin, i.e.,

L, i =ig="+=in=0;
0, otherwise.

6(i1,...,in):{

3.1.2 Linear, Shift-Invariant n-D Discrete Systems

A system which can be characterized by n independent variables is called n-D system.
A single-input and single-output (SISO) n-D discrete system is mathematically defined as
a transformation (or operator) that maps an input n-D discrete signal (i1, .. .,%,) into an
output n-D discrete signal y(i1,...,4,). More generally, a multi-input and multi-output
(MIMO) n-D discrete system can be viewed as a transformation (or operator mapping)

several input n-D discrete signals into several output n-D discrete signals. Figure 3.1

Ul(il,...,’in)—> —>yl(i17--~,in)

T[]

ug(i, ..., i) ———> ——— yp(i1,..., 1)

Figure 3.1: Representation of an MIMO n-D Discrete System.

illustrates a system that maps ¢ inputs uj(i1,...,%),...,uq(i1,...,4,) into p outputs
y1(i1, ... ,in), .-, Yp(i1,...,4,). The operator embodied in this system is represented by

T[], so by defining

u= : , y= : , (3.3)
Uq Yp

we may write

y(it, ... in) = Tlu(is, ... in)]- (3.4)
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In general, the transformation 7'[-] may be rather complex. Due to different constraints
imposed on T[], classes of n-D discrete systems can be specified. Among them, an impor-

tant class is the linear shift-invariant systems (LSI) which can be defined as follows.

Definition 3.1. An n-D discrete system characterized by T[] is said to be linear if and
only if for any inputs wy (i1, ..., i), wa(i1,...,i,) and arbitrary nonzero constants c1 and

C2,
T[clul(il, . ,in) + CQUQ(il, ... ,’Ln)] = clT[ul(il, ... ,Zn)] + CQT[UQ(’il, e Zn)] (3.5)

Let y(iy, ..., in) be the response to w(iy,...,in), i.e., Y(it,...,in) = T[u(it,..., in)], the
system is said to be shift-invariant if and only if for all w(i1, ..., i,) and arbitrary integers
k1,..., kn,

y(i1 — k1, .oy — kn) = Tu(in — k1, ..o iy — k)] (3.6)

The system that satisfies both the above properties is then linear shift-invariant.

For an arbitrary n-D input vector sequence w(i1, ..., 4y), which can be expressed as
o0 (o.9]
wlin,..yin) = > o > by, k)6(in — ki — k). (37)
ki=—00 kn=—00
The output vector of an LSI system is
o o
Ylin,. i) = > oo > Tlulky,.. ka)d(in — ki, oin —kn)l. (3.8)
k1=—00 kn=—00

It has been proved that (3.8) can also be expressed in the form (see, e.g., [44] for the

details)
o0 o0
Ylin,..in) = > oo > H(in =k, yin = kn)u(ky, .. k). (3.9)
ki=—o00 kn=—00
This relation (3.9) is called the convolution sum of H(i1,...,i,) with w(iy,...,4,) where

H(iy,...,in) is the impulse response of the system with the ¢jth entry h;;(i1,...,i,) of
H(iy,...,i,) being the impulse response at the ith output port when the jth input signal
is an n-D unit impulse (i1, .. .,4,) and all the other input signals are zero (see, e.g., [44]).

An n-D LSI system is said to be causal if its impulse response is zero outside the closed

first quadrant of R", i.e., H(i1,...,1,) = 0 if any i; <0, j € {1,2,...,n} [45-47].
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3.2 State-Space Representation of n-D Systems

As stated in Chapter 1, state-space representations play an important role in studying
n-D systems and therefore different n-D state-space models have been intensively inves-
tigated (see [2,48-53] and the references therein). The commonly used n-D state-space

models are the Roesser model [2] and the Fornasini-Marchesini (F-M) (second) model [50].

3.2.1 The n-D Roesser State-Space Model

The Roesser state-space model for an n-D linear discrete system [2,11,15,17,29] is

described by

:c’(il, R ,in) :A.’B(il, e ,in) + Bu(il, R ,in), (310&)
’y(il, . ,in) :C:B(il, ce ,Zn) + Du(il, . ,in), (310b)
where w(iy,...,i,) € R? and y(i1,...,i,) € RP are the input and the output vectors,
respectively; @ (i1, ...,i,) € R" is the local state vector in the form of
-ibl(il, i2, e ,in)
z(it, ... in) = : : (3.11a)
_mn(il, ’iQ, ceey Zn)
i ccl(il + 1,49,.. .,in)
x' (i1, ... in) = : , (3.11Db)
_mn(ila v 7in—1a in + 1)
where xy(i1,1i2,...,1,) € R" is the kth sub-state vector, k =1,...,n, r = 1| + -+ 4+ 1p;
and
A Arg - Al By
A1 Aza ... Aoy By
=1 . . S, B=| |, c=[C C - Cy], (312
An,l An,2 to An,n Bn

and D are the real matrices of appropriate dimensions.

The dimension of the local state @ (i1, iy, ...,i), or equivalently, the size of A, i.e., r,
is called the order or dimension of the n-D Roesser model, while 7 is called the partial
order or dimension w.r.t ®k(i1,in,...,i,), for k =1,...,n, respectively. For explicitness,

we also refer to the ordered n-tuple (r1,...,7,) as the order of a Roesser model. In what
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follows, (A, B,C, D;r) with » = (r1,...,r,) is used as a shorthand notation for the n-D
Roesser model of the form (3.10).

To introduce the transfer matrix of the n-D F-M model (3.22), consider an n-D se-
quence, say f(i1,...,in), 11 > 0, ..., i > 0. Then, the n-D z transformation [54] of this

sequence f(i1,...,in), denoted by Z [f(i1,...,1,)], is defined as

Z[fGir,. i)l =)o flin, o in)2gt .z (3.13)
11=0 in=0
Let
7 & diag{z1 L), ..., 201, }. (3.14)

Note that such a block diagonal matrix Z is also often expressed by using direct sum @
(see, e.g., [22,39]), i.e., Z = z1I;,, -+ ® z,1,,. Then applying the n-D transform to
(3.10), we have

Z [ (i1, ... in)] =AZ [®(i1,...,in)] + BZ [u(it,. .., in)], (3.15a)
Zlylit, ... in)] =CZ[x(i1,...,in)] + DZ [u(iy,...,i,)], (3.15Db)
where
Zla/ (i, in)] = D > @ (i1, i) 2 AR 2l
i1=0  i,=0
00 %) ml(i1+17i2a~~~77;n)
:Z...Z E zileQ...Z,Z"
11=0 in=0 .’Bn(il,...,in_l,in+1)
21_1 E;‘);:o e Zfi:o x1(0,1i2, ... ,in)z?zéz o gghn
=Z ' Z[x(iy,... in)] — : . (3.16)
z7t pRPEPREE 25:71=0 X (i1, ..o in_1,0)200 202 .. 20
Assuming the initial conditions @y (i1, ..., %k—1,0,%k41,---,0n), it € Z4, k,t = 1,...,n,

are zeros, from (3.15) it can be shown that
Zly(z1,. - zn)| = H(z1y. oy 20) 2 [ulz1, ..oy 20)] (3.17)
where

H(z1,...,20) =C(I, — ZA)"'ZB+ D (3.18)
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is the transfer function matrix of the n-D Roesser model of (3.10).

Definition 3.2 (The n-D Roesser Model Realization). [17, 19, 27] Given an n-D rational
transfer matriz H(z1,...,2n), find unknown matrices A, B,C,D and r = (r1,72,...,T)

such that (3.18) holds.

Remark 3.1. It should be noted that the minimal realization of a general n-D rational
transfer function matriz H(z1,...,2y), i.e., a realization with order r = ry 4+ ...+ 1y, is
lowest among all the realizations H(z1,...,zn), is an extremely difficult problem [17, 19,
27]. Thus, in practice, it is desired to develop realization approaches to generate an n-D
Roesser model with order as low as possible for a given n-D rational transfer function

matrix.

Such an n-D realization problem can also be used to obtain an LFR modeling for an
uncertain system with a number of parameters, and vice versa [17,19,27]. The objective

of LFR modelling is to represent H(z1,...,2z,) as

H(z1,...,2n0) = Fa(M,A) = D+ CA(I — AA)'B, (3.19)

M= [%‘%] c R(r+p)x(r+q) (3.20)

and with block-diagonal matrix

with the partitioned matrix

A =diag(zi11ly,, ..., 2n1p,). (3.21)

This LFR can be interpreted as the input-output mapping between u and y in Fig.3.2.

A <
Bl

z_ | A|B a2
W — 3oy —=v

Figure 3.2: LFR realization of H(z1,...,2p).
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3.2.2 The n-D F-M State-space Model

The F-M state-space model for an n-D linear discrete system [14, 16, 55, 56] is described
by

@iy +1,i0+1,... in +1)

= Avx(is i+ 1, in+ 1) 44 Apm(in + 1, in_1 + 1,0y)

+ Biu(ir,io+1,.. i+ 1)+ -+ Bpu(is + 1,. .. ,in—1 + 1,4y), (3.22a)
Y(it, ... in) = Cx(i1, ..., in) + Du(iy, ..., i), (3.22b)

where x(i1,...,1,) € R", u(iy,...,1,) € RY, and y(i1,...,i,) € RP are the (local) s-
tate vector, the input vector and the output vector, respectively; Ap,...,A, € R"™",
By,...,B, € R C € RP*" D € RP*Y; r is called the order of the n-D F-M model. In
what follows, (A, B,C, D;r) is used as a shorthand notation for the n-D F-M model of
the form (3.22) with A = (A44,...,A4,) and B = (By,...,By).

Remark 3.2. The n-D F-M model of (3.22) plays an important role in some applications
[8,9]. For example, the F-M model was used to study the fault detection problem of 2-D
and 3-D systems [57,58]. The river pollution modeling issue was studied by making use
of the 2-D F-M model in [59]. Moreover, the 3-D F-M model was applied to the real-time

implementation of distributed grid sensor networks [8, 9].

Applying the n-D z transformation to (3.22) with assumed zero boundary conditions

gives, after routine algebraic manipulations,

Zly(it, ... in)] = H(z1,. .., 2n) Z]ulis, ..., in)],

where H(z1,...,z,) is the transfer matrix given by

n -1 n
H(Zl, e Zn) =C (Ir — Z ZzAz> (Z ZlBl) + D. (323)

i=1 i=1
Definition 3.3 (The n-D F-M Model Realization). [14, 16, 28] Given an n-D rational

transfer function matriz H(z1, ..., z,), find unknown matrices A, ..., An, B1,...,B,,C, D

and an order r such that (3.23) holds.
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Remark 3.3. It should be noted that the minimal F-M model realization of a general n-D
rational transfer function matriz H(z1,...,z,), i.e., a realization with order r is lowest
among all the realizations of H(z1,...,2,), is an extremely difficult problem [14, 16, 28].
Thus, in practice, it is desired to develop realization approaches to generate an n-D F-
M model with order as low as possible for a given n-D rational transfer function matrix

H(zl,...,zn).

3.3 Exact Order Reduction Problem of State-Space Models

The exact order reduction for an n-D Roesser model and an n-D F-M model can be

state as follows.

Problem 3.1 (Exact Order Reduction for an n-D Roesser model). For a given n-D
Roesser model (A, B,C, D;r) with v = (r1,...,7y), find if possible another Roesser model
(A,E,C’,ﬁ;?’) with v = (F1,...,7,), such that

CZ(I; —AZ)'B+D=CZ(I,— AZ)"'\B+D, <, (3.24)

with
Z = diag{z11;,,..., 215} (3.25)

and
P=F1 4.+ (3.26)
Since substituting z; = ... = z, = 0 into (3.24) yields D = D, the exact order

reduction problem for an n-D Roesser model can be simplified as follows.

Problem 3.2 (Exact Order Reduction for an n-D Roesser model). For a given n-D
Roesser model (A, B,C, D;r) with v = (r1,...,7my), find if possible another Roesser model
(A,B,C‘,f);f*) with r = (71,...,7,) and D = D, such that

CZ(I; — AZ)'B=CZ(I, — AZ)"'B, <, (3.27)

with Z of (3.25) and 7 of (3.26).
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In the similar way, the exact order reduction problem for n-D F-M model can be
simplified as follows.
Problem 3.3 (Exact Order Reduction for an n-D F-M model). For a given n-D F-
M model (A,B,C,D;r) with A = (A1,...,A4,) and B = (Bl,..., n), find zf possible

another F-M model (A, B,C,D;#) with A = (Ay,...,A,) and B = (By,...,B,) such
that

O (Lﬁ - izkflk)
k=1

-1

<i ZkBk> + D =C (Ir — i ZkAk> (i ZkBk> + D, (328&)
k=1 k=1

k=1
P <r. (3.28b)
Problem 3.4 (Exact Order Reduction for ann-D F-M model) For a given n-D F-M model
(A,B,C,D;r) with A = (A, ... ,An) and B = (Bl, ., Bn), ﬁnd zfposszble another F-M

model A B,C,D;#) with A= (Ay,...,A,), B=(By,...,B,) and D = D such that

n -1 n n -1 n
( Z ZkAk> (Z ZkBk> =C (Ir - Z ZkAk> (Z ZkBk> ) (329&)
k=1 k=1 k=1 k=1

P <r (3.29b)

3.4 Existing Results on Exact Order Reduction

For the conventional 1-D case, the notion of minimal realization is well suited and it is
known that a realization is minimal if and only it is controllable and observable [38, 60].
However, in the multidimensional (n-D) setting, it has been shown that it is in general
extremely difficult to derive minimal realization for n-D systems [29,32]. Therefore, it
is particular important to develop procedures which can reduce the order of state-space
models generating by existing realization methods of a high order to a corresponding low-
order one without introducing any approximation error or changing the input-out relation.

Up to now, great efforts have been paid to attack this difficult problem. In the earlier
stage, much attention has been focused on the controllability and observability of n-D
systems, resulting in various notions such as local, global, strong, and causal controllabil-
ities and/or observabilities [61-67]). Unfortunately, these notions have no clear relevance
to the reducibility of n-D systems, and it has been shown that an n-D state-space model
can be minimal without being controllable or observable and conversely a system can be
controllable and observable without being minimal (see, e.g., [67]).

Lambrechts et al. have later shown in [26] a way to apply the 1-D Kalman decompo-

sition to the order reduction of n-D systems. That is, by taking a certain one of the n
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variables as the main variable and viewing the given n-D Roesser state-space model as a
1-D one with respect to the chosen main variable, it is possible to apply the 1-D Kalman
decomposition to this 1-D system, and repeating this operation successively to each of the
left n-1 variables one can finally obtain a reduced-order n-D Roesser model. However,
the effectiveness of this method is rather limited as it cannot deal with all the n variables
simultaneously [33].

More recently, some novel results have been obtained in [30,31, 34, 35], where it is
shown that by restricting the paradigm to the so-called noncommuting n-D or NMD
(noncommuting multidimensional) systems a nice n-D Kalman-like decomposition struc-
ture can be established which is directly relevant to the minimality, reachability and ob-
servability, and just includes the 1-D Kalman decomposition as a special case. Specifically,
by introducing the notions of structured (or generalized) Gramians, structured (or NMD)
controllability /reachability and observability, it has been clarified that a given noncom-
muting n-D system is reducible if and only if there exists a singular structured Gramian, or
in other words, the existence of a singular structured Gramian implies that an equivalent
n-D state-space model can be found which has a Kalman-like decomposition structure,
and vice verse [31,34]. It has also been shown that a given noncommuting n-D system
is minimal if and only if it is structured controllable and observable, i.e., the associated
structured controllability and observability matrices have, respectively, full ranks in the
sense defined in [31, 34].

Though the results of [30,31,34,35] are also applicable to the general commuting
setting, i.e., the standard n-D systems, the reducibility and minimality conditions become
only sufficient, which means that the essential difficulty for this problem still remains a
challenge and thus some new approaches are desired.

Compared with the methods given in [4,26,30, 31], Sugie’s method [24] is the first
attempt to explore the further possible order reduction by utilizing the relationship and
the permutations among the different blocks w.r.t. different variables. Since this kind of
permutation for the rows and columns spans the different blocks, some additional condi-
tions must be satisfied to keep the corresponding transfer (function) matrix unchanged.
In order to make this method more applicable, Zerz has refined the idea initiated in [24] in
a more theoretical way and relaxed the applicability conditions [23]. Yan el at. [32] study

the exact order reduction problem related to the different blocks and have proposed a new
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order reduction approach, which transforms the order reduction problem to the problem
of obtaining an objective matrix from a certain initial matrix by elementary operations
so that the reduction is possible for a wider class of Roesser models than those shown in
[23,24]. It should be noted that a key condition required commonly by all the methods
given in [23, 24, 32] is that at least one of the column (or row) blocks is not yet of full rank.
To fully explore the exact order reduction problem for the n-D Roesser model, there still
remain many insights and issues to be explored.

Furthermore, we would like to remark that all these methods on the exact order re-
duction of n-D systems are restricted to the Roesser model. Since exact order reduction
approaches for the Roesser model have been established in the literature [29,31,32], a
natural question is if the order reduction of a given F-M model can be implemented via
transforming it to the corresponding Roesser model. As stated previously, this is in fact
very difficult, since transforming an F-M model to a Roesser model requires, in general,
increasing the dimensional of the local state space [36,37], and there is no guarantee such
that an F-M model can be obtained with order lower than that of the original one.

To see this more clearly, let us consider the simple 2-D F-M model given by

21 11 1 2

C=[11], D=0,

(3.30)

which is a realization of H(z1,22) = #@ZEI The 2-D F-M model of (3.30) can be

embedded into the following 2-D Roesser model [36, 37]

[ w1 (i1 + 1,42) } _ { Arg Arp } [ w1(in, i2) } + [ Bia }u(il,ig), (3.31a)

xo(iy, iz + 1) Az Az x2(i1,12) Bs 1
LN l‘l(il,ig) .
y(ll,lz) —[ 0171 0172 ] |: l‘Q(il,ig) :| +D1,1u(21,12), (3.31b)

where x;(i1,42) is the ith sub-state vector, i € {1, 2},
[A1,1 A1,2}:[A1 A1] [31,1]:[31]
As1 Ao Ay As |’ By 1 By |’

[Ci1 Cip|=[C C], Di1=D,

(3.32)

with order » = 4. Then, applying the reduction procedure of an n-D Roesser model given
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in [29] to (3.32) yields the 2-D Roesser model:

i3] o-l5] .
C=[1]|1], D=o,

with order 7 = 2, which is irreducible [13]. Finally, the embedding method given in [50]
can transform it to the following 2-D F-M model:

tHES S A

C=[11], D=o.

4

(3.34)

It can be seen clearly that the order of the finally obtained F-M model of (3.34) is not
less than that of the original F-M model of (3.30).
On the other hand, however, it can be easily checked that the 2-D F-M model:

A1 =3, Ay=1, Bi=1, By=-1, C=3, D=0 (3.35)

and the given model (3.30) satisfy the relation (3.28), which shows that the order of (3.30)
can be surely reduced to 1.

Based on the above discussion, we see that directly applying the results for the Roesser
model to the F-M model is not feasible. Establishing different method aiming at the F-M

model is worthwhile and this motivates our research.



Chapter 4

Eigenvalue Trim Approach to
Exact Order Reduction for the
Roesser Mode

In this Chapter, the exact order reduction of the Roesser model of n-D systems is
treated by exploiting eigenvalues. Specifically, a new notion of eigenvalue trim or co-trim
for an n-D Roesser (state-space) model is first introduced, which reveals the internal con-
nection between the eigenvalues of the system matrix and the reducibility of the considered
Roesser model. Then, new reducibility conditions and the corresponding order reduction
algorithms based on eigenvalue trim or co-trim are proposed for exact order reduction of
a given n-D Roesser model, and it will be shown that this eigenvalue trim approach can
be applied even to those systems for which the existing approaches cannot do any further
order reduction. Furthermore, a new transformation for n-D Roesser models, by swap-
ping certain rows and columns and interchanging certain entries that belong to different
blocks corresponding to different variables, will be established, which can transform an
n-D Roesser model whose order cannot be reduced any more by the proposed approach to
another equivalent Roesser model with the same order so that this transformed Roesser
model can still be reduced further. Examples are given to illustrate the details as well as
the effectiveness of the proposed approach.

This Chapter is organized as follows. In Section 4.1, the notion of the eigenvalue
trim and its dual form of the eigenvalue co-trim will be introduced. Section 4.2, contains
the main results: new conditions and the corresponding algorithms for order reduction of

Roesser models. In Section 4.3, the transformation of changing an eigenvalue trim and

26
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eigenvalue co-trim n-D Roesser model to an equivalent but not eigenvalue trim or co-trim
Roesser model is introduced. Then, comparisons with the order reduction methods of

[23, 24,29, 32] are discussed in Section 4.4. Finally, conclusions are given in 4.5.

4.1 Notion of the Eigenvalue Trim (Co-trim) Form

In this section, the notion on the eigenvalue trim and eigenvalue co-trim will be intro-
duced for n-D Roesser models.
In order to explicitly see the differences to the existing results of [23], we first show

the definition of trim and co-trim here.

Definition 4.1. (/23]) An n-D Roesser model given by (A, B,C, D;r) is said to be trim
if, with the partitions
Al_ B,
A= , A e R"" B= , B;e R"*Y (4.1)
Ay B,
we have that for 1 < i < n, each matriz [A;—, Bj;| has full row rank. Dually, (A, B,C, D;r)

18 said to be co-trim if, with the partitions

A= [ Ay ... A, ], A_, e R™",
(4.2)
C:[Cl Cn], C; € RP*™,

each { AC?Z ] has full column rank.
7

Let Ai1,..., Ay, denote all the distinct eigenvalues of A4; ; in (3.12) wherei € {1,...,n},

and [; is the number of these eigenvalues. The notion of the eigenvalue trim and the

eigenvalue co-trim can be defined as follows.

Definition 4.2. An n-D Roesser model given by (A, B,C, D;r) is said to be eigenvalue

trim if with the partitions

A By
A= , A€ R”XT, B = , B;e R”Xq,
| A, B,
- (4.3)
1—
I. = , I € Rrixr’
i I,
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we have that for 1 <i<n and 1 <t <I;, each matriz
M- 2] (Aie —Niglio) By |
=[ Aix .. A (A —Xigly) Ay ... Ain By (4.4)

has full row rank. Dually, (A, B,C,D;r) is said to be eigenvalue co-trim if with the

partitions
A=[A ... A, ], AL eR™,
c=[C1 ... Cn], C;eRPM, (4.5)
L=[14 ... I_,], I;eR™

we have that for 1 <i<n and 1 <t <I;, each matriz

[V [ Ay — il ]

C;
—[ AT, ... AT B

1—1,

(A

—Xitln) AL

i+l AE,@' cl (4.6)

has full column rank.

Remark 4.1. It should be noted that eigenvalue trim and eigenvalue co-trim are du-
al, i.e., if a given Roesser model (A, B,C,D;r) is eigenvalue trim, the Roesser model

(AT, CT, BT, DT r) must be eigenvalue co-trim.

As shown in the following lemma, eigenvalue trim (or eigenvalue co-trim) includes trim

(or co-trim) just as a very special case.

Lemma 4.1. An n-D Roesser model, which is eigenvalue trim (or eigenvalue co-trim), is

always trim (or co-trim), however the reverse is not necessarily true.

Proof. The result for eigenvalue co-trim is dual. Therefore, for simplicity, we only show
the relationship between trim and eigenvalue trim.
The proof will be given by contradiction. Suppose that there is an n-D Roesser state-

space model (A, B, C, D;r) which is not trim but eigenvalue trim. Then, there is an index
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i€ {1,...,n} such that
M,_ = A~ B; |
=[ Aip ... Ao A A .. Aip By (4.7)
has not full row rank and
M- 2] (Ai- —Nigli-) B; |
= Ain ... Ay (A= Aigly) Aiisr ... Ain By | (4.8)

is of full row rank for all distinct eigenvalues \; ¢, t =1,...,1; of A;;.
Since the matrix M;_ in (4.7) does not have full row rank, there must exist a nonzero

vector p such that

wuM;— =0. (4.9)
This equation implies that
pA;; =0p
pAi,=0 for all v#i (4.10)
nwB;=0

which means that there is an eigenvalue A;; = 0 of A;; such that M,;_ in (4.8) is not of full
row rank, which contradicts the assumption that the matrix M,_ is not of full row rank
for all the distinct eigenvalues of A; ;. Hence, an eigenvalue trim Roesser model must also
be trim.

It is easy to find an n-D Roesser model (e.g., (4.38) in Example 4.1 given later) that
is trim but not eigenvalue trim. Hence, a trim n-D Roesser model is not necessarily
eigenvalue trim.

Trim is equivalent to eigenvalue trim only in the case when all the eigenvalues are

ZEro. OJ

Note that an n-D Roesser model is defined by real coefficient matrices A, B, C, D, and

the complex eigenvalues of a real matrix come in pairs of complex conjugate numbers.
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Then, we have the following lemma, which reveals that we only need to consider the real
eigenvalues and the complex eigenvalues with positive imaginary parts when treating the
order reduction problem.

Denote the imaginary unit by j, and let \;1,..., )‘i,l} denote the distinct eigenvalues
of A;; with only real parts or with positive imaginary parts, where i € {1,...,n}, and l;

is the number of these distinct eigenvalues.

Lemma 4.2. An n-D Roesser model given by (A, B,C, D;r) is eigenvalue trim if and
only if with the partitions (4.3) we have that for 1 <i <n and 1 <t < l;-, each matriz
M;_ in (4.4) is of full row rank. (A, B,C,D;r) is eigenvalue co-trim if and only if with
(4.5) we have that for 1 <i<mnandl1 <t < l;, each matriz M_; in (4.6) is of full column

rank.

Proof. The result for eigenvalue co-trim is dual. Therefore, for simplicity, we only show
the proof for the eigenvalue trim.

By definition, if (A, B,C, D, r) is eigenvalue trim, the matrix M;_ in (4.4) is of full
row rank for all distinct eigenvalues of A;;, and thus is of full row rank for the distinct
eigenvalues with only real parts or with positive imaginary parts.

On the other hand, suppose that for all 1 < i < n if the matrix M;_ in (4.4) is of full
row rank for all distinct eigenvalues with only real parts or with positive imaginary parts,
but (A, B, C, D) is not eigenvalue trim. Then, there is at least an eigenvalue 5\1-775 L a;,—jBi
with negative imaginary part such that M;_ in (4.4) is not of full row rank. That is, there

is a vector w £ p — jv such that
wlAin ... Aiicr (A — Nigly, A1) ... Ay Bi
=(p—jv) [ Aix ... Aiicr (Aii — (i — 3B 1) Aiig1 ... Ain Bi] =0 (4.11)
which gives that
(1 — jv) B; =0, (4.12a)
(1 —jv) Ai; =(cip — Biv) — j(Bip + aiv), (4.12b)

(w—jv)Ai =0, k=1,...,i—-1i+1,...,n, (4.12¢)
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and then we have

uB; =0, vB; =0, (4.13a)
BA; =aip — piv, VA= Bip+ v, (4.13b)
pAi =0, vA; =0 forall k=2,...,n. (4.13c¢)

From equation (4.13), we have
(p+gv) [ Ain .. Aiicn (Aig— (i +3Bi) 1) Aiipr ... Ain B | =0, (4.14)

which means that Mi_ is not of full row rank for the complex eigenvalue \;; = o; + j5;
with positive imaginary part, which contradicts the assumption that the matrix M;_ in

(4.4) is of full row rank for all the complex eigenvalues with positive imaginary parts. [J

4.2 Reducibility Based on Eigenvalue Trim

In this section, new conditions and the corresponding algorithms for order reduction
of Roesser models will be developed.
Assume that \; is a complex eigenvalue of a matrix A;;, i € {1,...,n}. Then we have

the following results.

Lemma 4.3. For a given n-D Roesser model (A, B,C, D;r), if the matriz M;_ in (4.4)
is not of full row rank for some complex eigenvalue \iy = \; of Ai;, i € {1,...,n}, that

1s to say there exists a complex vector
ws [ Wl e Wkg—1) 1 Whkggl) o0 Wk eee Wy }, (4.15)
which can be expressed as
wEp+ivEl o prger L Bk Mk b |
+j [ vi o Ugg—1 00 Uggyr o Vg ooy ] , (4.16)
where j denotes imaginary unit, v, # 0, and p and v are real vectors such that

wM;_ =0, (4.17)
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then one can construct a new Roesser model (A, B,C, D) 2 (LAR,LB,CR, D) such that

CZ(I, —AZ)'B=Cz(I, — AZ)"'B,

where 7, =1; —2; =1 forallk=1,...;i—1,i4+1,...,n;
Z = diag{z11;,, ..., 215 }; (4.18)
where
L &diag{Il,,,..., Li,..., I}, (4.19a)
R &diag{Il,,..., Ri,..., I, }, (4.19Db)

where L; is obtained from le by deleting its koth and kith rows and R; is obtained from
R; by deleting its koth and kith columns with

Lkoth L kith

1 0 - 0 -+ 0 - 0
0 1 - 0 -- 0 ... 0
- /’Ll /’62 .. 1 ... l’l’k .. l’Ll
e . . | kot (4.20)
2 123 e 0 e Vk, e Vp, — klth
L0 0 0 ... 0 1

and R; £ f/;l

Proof. Without loss of generality, we assume that ¢ = 1, kg = 1 and k; = 2, since in the

other case, the proof is similar and thus omitted. Note that

) Iz L pe  p
Li=| v |[2]0 1»n v : (4.21a)
L4 i 0 0 I,-2

o L —pafva (pov —vaft)/va
Ri=Li'=|0 1/ 7 2l p o R . (4.21Db)
0 0 I o
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For the complex A1, one can express it as A\; 2 ay + 531 where j denotes the imaginary

unit and aq and f; are real numbers. From equation (4.17), we have

wB; =0, (4.22a)
w A =Mw = (o0 + jf1) w, (4.22b)
wAyp =0, for k=2,...,n. (4.22¢)

Substituting equation (4.16) into (4.22) we obtain

(1 + jv) Br =0, (4.23a)
(n+jv)A1g =(aap — piv) + j(bip + arv), (4.23b)
(p+jv) A1, =0, for k=2,...,n, (4.23¢)
which gives that
uB1 =0, vB; =0, (4.24a)
pAL L =oqp — fv, VA= ip+ av, (4.24Db)
pA =0, vA; ;=0 forall k=2,...,n (4.24c¢)

From equation (4.21a) and (4.24c), we have

~ 12
Lidip=| v | A
| L1
0
= o |, (4.25)
| LAk

for all k =2,...,n, It follows from (4.21a) and (4.24a) that

_ ©
LlBl = 174 Bl
Ly

=1 o |. (4.26)
| L1By
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Using equation (4.21) and (4.24b), we can obtain

N
LiAizRi=| v |Aii[fp U Ry |
L Ly
ajp — frv
=| fiptaw | [ p U R
LA
[ o —B1 0
= A 3} 0 . (4.27)
| L1Aipe LiAv 0 LiA Ry

By equation (4.21b), we have

CiRi=Ci[ p ¥ R ]=[Cip O 1Ry |, (4.28)
and
AR =Ap1 [ B 0 Ry =] At Apaiv ApaRy . (4.29)
If let
L 2 diag{Ly, I,,,...,1,}, (4.30a)
R4 7' =diag{Ry, I,,,..., I}, (4.30b)
then we have
I a7 —,31 0 0 0 0 i
B1 Qaq 0 0 0 0
- LiAvpp LA 0 LyA Ry LiAre -+ LiA,
LAR= A1t Ag U Ay 1Ry Agog o Aoy ’ (4.31a)
L An,lﬂ An,lfj An,lRl An,2 An,n _
iB=[0 0 (L,B)' BY ... B']', (4.31b)

CR=[ Cip C1o CiRi Cy -+ Cy . (4.31c)
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With attention

[ L1A11 Ry LiA1s -+ LiAy,
A1 R A e Aoy
LAR=| ~*7M 22 2 (4.32a)
An,lRl An,2 e An,n
[ LB
Bo
LB=| . |, (4.32b)
By,
CR=[ CtRy Cy -+ C, ], (4.32¢)
and equation (4.30), then we have
CZ(I, — AZ)"'B=(CZ)R( I, — LAZR )" LB
—(CRZ)( I, — LARZ )" LB
=(CRZ)( I — LARZ )" LB, (4.33)
and 7y =711 — 2, 7, = 1 for all k = 2,...,n. That is to say, a new n-D Roesser model
(fl, B.C,D, #) with lower order has been obtained. O

Remark 4.2. Matriz L; defined in (4.20) can be obtained from a r; x r; identity matriz

by replacing its koth and kith rows with p and v in (4.16), respectively.

Remark 4.3. Although Lemma 4.3 is based on a complex eigenvalue, it is also true for
the real eigenvalues. If the eigenvalue is real, then M;_ defined in (4.4) and w in (4.15)
become real which gives w = p, v =0 and k1 = ¢ (an empty element). Correspondingly,
L; is obtained from a r; X r; identity matriz by just replacing its koth column with p and
L; can be obtained from L; just by deleting its koth row; R = f}i_l and R; can be obtained
from R; by just deleting its koth column, respectively. Finally, one can construct a new

Roesser model (fl, B,C, D) 2 (LAR,LB,CR, D) such that
CzZ(I; —AZ)*B=CZ(I, — AZ)™'B,
where 7, =1; — 1, =1, forallk=1,...;i—1,i4+1,...,n;

Z =diag{z11;,, ..., 215 }; (4.34)



4.2. Reducibility Based on Eigenvalue Trim 36

Based on the above results, we can now give the following result.

Theorem 4.1. If an n-D Roesser model is not eigenvalue trim or not eigenvalue co-trim,

then it can be reduced.

Proof. The result for eigenvalue co-trim is dual. Thus we just show that if an n-D Roesser
model is not eigenvalue trim then it can be reduced.

If an n-D Roesser model (A, B,C, D;r) is not eigenvalue trim, then there are k €
{1,...,n} and t € {1,...,l;} such that the matrix My_ in (4.4) is not full row rank.
By Lemma 4.3, one can obtain a new lower-order Roesser model (A,B,C’,D;ﬁ) with

7 = (71,...,7,) such that

A A

CZ(I; —AZ)'B=CZz(I, - AZ)™'B, (4.35)
where Z = diag{z115,, ..., 2zu1,}. O

Theorem 4.1 gives a sufficient condition for the reducibility of a given n-D Roesser
model, that is, if it is not eigenvalue trim or not eigenvalue co-trim, then it can be reduced.
Lemma 4.2 shows that an n-D Roesser model given by (A, B, C, D;r) is eigenvalue trim if
and only if with the partitions (4.3) we have that for 1 < i < n, each matrix M;_ in (4.4)
is of full row rank for the distinct eigenvalues of A;; with only real parts or with positive
imaginary parts. Now, a procedure as described in Procedure 4.1, which can lower the
order of an n-D Roesser model being not eigenvalue trim, is given, where A;1,.. ")‘i,l}
denote the distinct eigenvalues of of A;; in (3.12) with only real parts or with positive
imaginary parts, where ¢ € {1,...,n}, and [; is the number of these distinct eigenvalues.

The details and effectiveness of the proposed algorithm are now illustrated by examples.

Example 4.1. Consider the 2-D Roesser model (A, B,C, D;r):

(-1 0 0 -1[-2 0 -10
1 -2 -1 0[-2 0 -10
ao A A | =TT 6 1) 7 =2 5_ | B 30
Agq Asp 10 0 0 5|7 =2/’ By 3.0/
0 0 0 0[1 0O 11 (4.38)
L0 0 0 00 O | | 1 0]
0 4 1 0]0 1 0 0
C_[ClcQ]_[ 19 2 1|1 1], D_[O 0]’ r=(4, 2).
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Procedure 4.1: Exact Order Reduction Based on Eigenvalue Trim

Input : A given n-D Roesser model (4, B,C, D;r);
Output: A reduced-order n-D Roesser model (A B, C ,D; 7);

while (A, B,C, D;r) is not eigenvalue trim do
for each i € {1,...,n} and each t € {1,...,l;} do
if X\;i; is a real number then

4 Step 1A: Find a real vector w in the form of (4.15) such that the
equation (4.17) holds. Find an index kg such that wg, = 1. Replacing
the koth row of a r; x r; identity matrix by w = 2 1 to construct the a
matrix L; and obtain R; = L . Obtain R; by deleting the koth row of
R; and obtain L; by deleting the koth column of L;;

else

Step 1B: Find a complex vector w in the form of (4.15) which can be

N =

expressed by w £ p + jv in the form of (4.16) such that the equation
(4.17) holds. Find indices ko and k; such that wy, =1 and vy, # 0.
Replacing the kgth and kith rows of a r; X r; identity matrix by g and
v, respectively, to construct the a matrix in the form of (4.20) and
obtain R; = L ! Obtain R; by deleting the koth and kith rows of R;
and obtain L; by deleting the kgth and kith columns of L;;

7 end

end

9 Step 2: Construct

L & diag(I,,,...,Li,..., 1), R=diag(l.,,...,Ri,..., I ); (4.36)

~

10 Step 3: Obtain a new n-D Roesser state-space model (A, B, C, D;#) with

~ A~

LAR, B=LB, C=2CR (4.37)

(1>

A

and # = (F1,...7y);

11 Renew A=A, B=B,C=C,r =7
12 end
13 return (A,B,C’,D;f‘) £ (A,B,C,D;r),

Note for the complex eigenvalue 2 + j of Ay 1 with positive imaginary part,

—3-j7 0 0 1 |-2 0 ]-1 0
B 1 —4-5 -1 0 |-2 0]-10
I - 17 4—5 -1 |7 -2]3 o0 (4.39)
10 0 0 3-j| 7 —2[3 0
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has rank 3 and is not of full row rank. Thus, the 2-D Roesser model of (4.38) is not

etgenvalue trim, and then can be reduced by the proposed eigenvalue trim approach.

For this model, n = 2, l} =1, Zg =2, M1=2+j, 21 =0and A\go = 1. For the i =1,
t = 1 and the complex eigenvalue A1 = 2 + j, the specific steps are as follows.

Step 1B: Find a vector

=[1 -1 —& L ]+4j[0 0 —% +& |2p+jv (4.40)

satisfying le, = 0. Since w; = 1 and v3 = —% # 0, then one can set kg = 1 and

k1 = 3. Based on p and v in (4.40), we can construct

J 1st J 3rd
1 -1 —4 &£ ]+ 1st

- 4,0 1 0 0

=0 0 -k 4k | e (4.41)
o 0 0 1

which is achieved from a 4 x 4 identity matrix with its 1st and 3rd rows replaced by u

and v, respectively. Then, we can obtain

1 1 -4 0
Ry =L;'= 8 (1) _(i7 (1) (4.42)
00 0 1
By deleting the 1st and 3rd rows of L1, we obtain
le[g (1) 8 [1)}, (4.43)
by deleting the 1st and 3rd columns of Ry, we obtain
10
R=|, (4.44)
0 1
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Step 2: Construct

01 0 0|0 0
) 00 0 1]0 0
L 2 diag{Ly, I} = 0 o0 0T ol (4.45a)
00 0 0|0 1
1 00 07
1 0/00
1
R &diag{Ry, L} = 8 18 8 (4.45Db)
0 0/1 0
|0 00 1 |

Step 3: A new lower-order 2-D Roesser state-space model (fl, B, C,D; #) is obtained

as

Ay A 10 5 7T =2
A=LAR=| . 0 =
|: A2 1 A272 :| 0 0 1 0 ’
0 0 0 0
-1 0
- B 3 0
betp=| 3= |1 (4.46)
10

D—D—[ y P =(2,2),

which is eigenvalue trim and eigenvalue co-trim.
It is seen that the order of the obtained Roesser model (4.46) is 4 ( # = (2,2)), which

is lower than the order of 6 for the given Roesser model (4.38).

Remark 4.4. It can be confirmed that the 2-D Roesser model (4.38) is trim and co-trim
by Definition 1 or [23], and this Roesser model cannot be reduced by the trim approach
given in [23] and elementary operation approach given in [32]. However, in Example 4.1
we have shown that this Roesser model is not eigenvalue trim, and thus can be reduced to

a lower Roesser model as 4.46 by Procedure 4.1.

The following example is given to show more details for real eigenvalue case.
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Example 4.2. Consider the 2-D Roesser model (A, B,C, D;r):

(2 —1 10 0[1]
1 0 1001
A_[Al,l Am}_ 2 =300 1[0
Aoy Az 1 -1000/0[
1 -1101]|1
2 201 0[2]
0 01
0 0
By 10 4.47
B:[BQ] 0 1| (47
0 0
L0 0]

-
|

[0 0],
r=(5, 1).

Note for the real eigenvalue 1 of Ay 1, the matriz

M_=[ Ay —15 As B |

1 -1 1 0 o]1]o0 0
1 -1 0 0|1]/0 0

=2 -3 -1 0 1/0|1 0 (4.48)
1 -1 0 -1 0]0]0 1
1 -1 1 0 0[1[0 0

has rank 3 and is not of full row rank. Thus, the 2-D Roesser model of (4.47) is not

etgenvalue trim, and then can be reduced by the proposed eigenvalue trim approach.

For this model, n =2, 1} =2,lb =1, \j; =1, o =0and \g; =2. Fori=1,t=1
and the real eigenvalue A\;; = 1, the specific steps are as follows.

Step 1A: Find a vector
w=[1l -1 0 0 0] (4.49)

such that wM;_ = 0. Since w; = 1, one can set kg = 1. Then, letting g = w and just
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replacing the 1st row of a 5 x 5 identity matrix by p, we can construct

J 1st
1 =1 0 0 0 ]« 1st
) 0 1 0 0 0
L]0 0 1 0 0 (4.50)
0 0 0 1 0
0O 0 0 0 1
Then, we obtain
1 1 0 0 O
3 ) 0 1. 0 0 O
Ri=Li'=|10 0 1 0 0 (4.51)
0 0 01 O
0 0 0 0 1
We can further obtain
01 0 0 O
0 01 0 O
L= 000 1 0l (4.52)
0 0 0 0 1
by deleting the 1st row of Ly, and
1 0 0 O
1 0 0 O
Ri=]10 1 0 0|, (4.53)
0 01 0
0 0 0 1
by deleting the 1st column of R;.
Step 2: Construct
01 0 0 0]O0
0 01 0 0]O0
L2 diag{L;,,}=]0 0 0 1 0|0 |, (4.54a)
0 00 0 1]0
0 00 0 01
1 0 0 0 07
10 0 0 O
A g 10 1 0 0 0
R —dlag{Rl, Il} = 0 0 1 0 0 (454b)
0 0 01 0
| 0 0 0 0 1 |
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Step 3: A new lower-order 2-D Roesser state-space model (fl, f)’, C’, D;#) is obtained

as
1 1 0 0]1
R . -1 0 0 10
14:LAR::[4L1 A ]: 0 0 0 00|,
Az1 Az 0 1 0 1|1
0 0 1 0]2
0 0
. 10
R B
B=LB=| 2 0 1
[32} 0 0 ’ (4.55)
0 0
C=CR=[C Cy]=[1 0 0 1]2],
A 0 0
D_D_[l 0]7

Redefine (A, B,C,D,r) as (A, B,C,D,r) £ (A,E,C’,D,'f"). One can verify that for

the real eigenvalue 1 of A; 1, the matrix

Mi_=[ A1 -1 Ais By |

0 1 0 0{1]0 O
-1 -1 0 1(0|1 O

N 0 0 -1 0(0]0 1 (4.56)
0 1 0 0[1]0 O

is still not of full row rank, then Step 1A to Step 3 will be applied once again to generate
a lower 2-D Roesser model (fl, B, C’, D,7) as

; Ay Ao ]
A = A7 A7 =
{ Ag1 Azp

~

C

(&1 Gy ]=[0 0 2]2], D=D=[0 0], #=(3,1),

which is now eigenvalue trim.
It is seen that the order of the obtained Roesser model (4.57) is 4 ( # = (3,1)), which
is lower than the order of 6 for the given Roesser model (4.47).



4.2.1. Effective Reduction Procedure for Real Figenvalues 43

4.2.1 Effective Reduction Procedure for Real Eigenvalues

In the previous subsection, reduction conditions and the corresponding reduction algo-
rithm based on eigenvalue trim have been proposed for n-D Roesser models. From Remark
4.3 and Step 1A of Procedure 4.1, we see that the real eigenvalue case is treated in the
same way for the complex eigenvalues case by just setting k1 = ¢ when v = 0, which
is simple and easy to follow. However, it can be observed from Example 2 that if the
difference between the size of A4;; and the rank of M;_ in (4.4) is more than 1 for a certain
real eigenvalue of A;;, then the corresponding order reduction has to be carried out by
repeating Step 1A to Step 3 of Procedure 1 more than one time. In this subsection, we
will show that a much more effective method for real eigenvalues can be established, which
can directly achieve the order reduction without repeating these steps several times. That
is, if the matrix M;_ in (4.4) has row rank #; for a real eigenvalue, we can directly reduce
r; — 7; orders of the given n-D Roesser model by executing the Procedure proposed below
only once.

Before giving the new results, some preparations are needed. Let \;; be a real eigen-
value of the matrix A;;, ¢ € {1,...,n}. The first nonzero entry of a certain column or
row in a given matrix is called the leading entry of the column or row [68]. Denote by p(-)
the operator transforming the (real) matrices M;_ in (4.4), i = 1,...,n, to the reduced

column echelon form by elementary column transformation, i.e.,

p(M;_) £M;_P; = 2[R |0], (4.58)

* O ¥ O ¥ O ¥ =
* O ¥ O ¥ R OO
*¥ O ¥ R OO QOO
* P O OO0 OO O
==l e B e B e i an B e B o B an)]

where % denotes a (real) column vector, 0 denotes a zero vector or matrix of suitable size,
and P; denotes the elementary column transformation [68].

The above reduced column echelon form has the following properties [68, 69]:
(a) Nonzero columns precede zero columns;

(b) The leading entry of any nonzero column is 1;
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(c) The leading entries occur in a stairstep pattern, left to right; that is, the leading
entry in a nonzero column is below the leading entries in preceding columns and

above the leading entries of succeeding columns;

(d) In each row which contains the leading entry 1 of some column, the entries preceding

that leading entry are zero.

Let p(M;_) be an operator consisting of the operations: first conduct p(M;_), then set
the non-leading entries of nonzero columns in p(M;_), i.e., those denoted by * in (4.58),

to 0. That is, for the matrices M;_ in (4.4), i =1,...,n, we have

20 L o], (4.59)

oo~ OO OO
== e == R en li el an i e B an)

S OO OO0 OO
oo oOoOo~ OO
(==l en R e R an i e B e B «n i @n)

Let #; = rank(M;_) with M;_ defined in (4.4), and note that
rank(M;_) = rank(p(M;_)) = rank(R;) = rank(L;),

then R;, L; € R"*™. Observing the definitions of p(M;_) and L; in (4.59) and p(M;_)
in (4.58), it can be verified that

Lip(Mi) = L{M; Pi=[I;, 0]. (4.60)
Now, if we define the transformation matrices by
L& diag{l,,...,Li,...,I..}, R= diag{l.,,...,Ri,..., I}, (4.61)

then we have the following lemma.

Lemma 4.4. For a given n-D Roesser model (A, B,C, D;r), construct a new Roesser

model (A, B,C, D; 7) with

s
(1>

LAR, B2LB, C2CR (4.62)
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where L and R defined in (4.61) and # = (71,...7y) with 7, =1y for allk =1,..

i1+1,...,n. Then, we have

A A

CZ(I; —AZ)'B=CZ(I, — AZ)™'B,

where
7 = diag{z115,, ..., znl, }.
Proof. Let
A = diag{0I,,..., \iIp,,..., 01 }
and

A =LAR = diag{0I,,,..., \isIs,,...,0L, }.
By (4.60), we can have
RiLIM; P =Ry(LIM;_P)=R;[ I, 0]=[R; 0]=M_P,.

Multiplying (4.65) by Pi_1 from the right side gives that

R,LIM;_ = M,_,
or
RiL] [ (Aic = Xiglis) Bi | =[ (Aic —Xiglic) B |.
Therefore,
RL(A—A)=(A—A), RLB=B.
Note that
RZ™'=2Z"'R, RA=AR,
hence

R(Z—1 —]\—L(A—A)R) =(Z'—A—RL(A-A)R

51— 1,

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)
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or

(Z'-A-RL(A-A)'R=R (Z—l ~A-L(A- A)R) (4.70)
Therefore, by equation (4.68) and (4.70) we have

CZ(I,— AZ)"'B
—C(z'-A)7'B

—C(Z'-A—(A-N)"'B
—C (2 '~A—RL(A-A) ' RLB
N -1
—CR (Z*l ~ LAR— L(A—A) R) LB
N -1 N o ~ P ~ A A
—CR (Z—l - LAR) LB=C(Z ' - A 'B=C2(1 - AZ)'B. (4.71)
O

Based on the above results, Step 1A of Procedure 4.1 can be replaced by Step 1A’

given below.

Step 1A’: Computing p(M;_) in (4.58) and p(M;_) in (4.59) to achieve L; and R;;

Remark 4.5. In Step 1A of Procedure 4.1, to construct L; and R;, we have to find a
vector w such that wM;_ = 0, which means that wT is a vector of the null space of MlT_
It is well known that a null space basis of MZT_ can be obtained by transforming MzT_ to
its echelon form [70,71]. Moreover, as discussed previously, this process may be repeated
several times when conducting practical order reduction, that is, we may need to find a
series of L; and R;. In contrast, in Step 1A’, we only need to construct L; and R; once
directly from the reduced echelon form of M;_. Therefore, Step 1A' is obviously much
more effective and efficient than Step 1A.

The effectiveness of Step 1A’ is illustrated by the following example.

Example 4.3. Consider again the 2-D Roesser model (A, B,C, D;r) in (4.47) in Example
4.2
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For this model, n = 2, I = 2, Iy = LAdi=1,Mp=0and \gy =2. Fori=1,t=1
and the real eigenvalue A\;; = 1, the specific steps are as follows.

Step 1: Computing

1 0 0j]0 0 0 0 O
. 1 0 0j]0 0 O 0 O
p(M17) = 0 1 0 0O 0 0 0 O £ [ Rl 05><5 ] s (4.72)
0O 01|10 0 0 0 O
10 0j]0 0 0 0 O
to achiever R, and computing
10 0j]0 0 0 0 O
. 0 0 0OjO O 0 O O
p(My_)=]10 1 0[0 0 0 0 0 |= [ L1 Osx5 ] , (4.73)
0 01|10 0 0 O O
0O 0 0jO 0O 0 0 O
to achieve L.
Step 2: Construct
1 0 0[]0
100000 1 00(0
00100(0 0100
g T _ — g _
L—dlag{Ll,Il} = 000T10l0 ,R—dlag{Rl,Il}— 0010 (474)
000O0O0]1 1 000
| 0 0 01 |

Step 3: A new lower-order 2-D Roesser state-space model (fl, B, C,D; ) is obtained

as

(4.75)

D=[00], #=(31),

which is in eigenvalue trim and eigenvalue co-trim form.
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Remark 4.6. [t is seen that by Step 1A’ one can directly!! reduce the given 2-D Roesser
model by 2 orders and obtain the new 2-D Roesser model (4.75) with order 4 (# = (3,1)).

4.3 Equivalent Transformation between Different Blocks

In the previous section, the exact order reduction is studied only in a certain block
matrix, i.e., in M;_ defined in (4.4). Note that even if the obtained n-D Roesser model
is eigenvalue trim and eigenvalue co-trim, this Roesser model may not be minimal or
absolutely minimal in general. Therefore, to achieve further exact order reduction of
n-D systems, it is necessary to consider the relationship between different blocks that
correspond to different variables.

In this section, a transformation will be introduced by swapping certain columns and
rows and interchanging certain entries that belong to different blocks. This transformation
can make further reduction possible, since it may change the property of the original
Roesser model being eigenvalue trim and eigenvalue co-trim.

Let ag, be the (&, n)th entry of A, and Il¢, denotes the permutation matrix that
interchanges the £th and nth rows of A if used in the form II¢ ;A (or columns if used in
the form AIl,, respectively). O¢,(A) denotes the operation of interchanging the entries

ag¢ and a,, of A. Then, we have the following results.

Theorem 4.2. For a given Roesser model (A, B,C, D;r) with v = (r1,...,ry), if there is
a pair of indices (§,m) with 1 < &, n < r such that

ag; =0 forall j #n,&; (4.76a)
and ayy, =0 for all k # ¢&; (4.76D)
and be; =0 for all j; (4.76¢)
and cpy =0 for all k. (4.76d)
Then, we have
CZ(I - AZ)'B = Cl, Z(I — g ,O¢ ,(A)lg,,) 'TI¢ ) B, (4.77)

with Z = diag{z11y,, ..., 21y, }.
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Proof. Note that a Roesser model (A, B, C, D) satisfying (4.76) is in the form as

X1 0 Xy3 X4 Xy
Xogp 0 Xosz ape Xos
A=1| X31 0 X33 X34 X35 |,
0 ag,n 0 a§,5 0

| X51 0 X553 X514 Xs55

Xp1 (4.78)

C:[Xcl 0 X3 X XCE)]-

where X, ;, Xp;, and X.; denote the block matrices with appropriate dimensions in
A, B and C, respectively, £ = 1,...,5, j = 1,...,5. The expected Roesser model
(A, B,C, D; r) = (It ;,0¢ n(A)¢ ), ¢ , B, Clg y, D;7) is in the form as

[ X101 X4 Xi3 0 Xy

0 0 0 a, O
X34 X33 0 X35 |,
Xo1 apne Xoz ace Xos
| X51 Xs54 X553 0 Xs5

.
I
fa

Xu (4.79)

o}
Il
s

CA':[AXVcl Xea Xez O XcS]-

Let
7 =diag{z1L,,,..., 201, } (4.80)

and z1,..., 2, denote the unit delay (backward-shift) operators. Compatible with A, Z

can be partitioned as
7 = diag{Z1, Z2, Z3, Z4, Zs} (4.81)

where the sizes of Z1,...,Z5 are respectively, l1,1,13,1,l5. The system equations of the
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n-D Roesser model (4.78) are in the following form
wi =X1 121w + X1 3Z3w3 + X1 4 Zyws + X1 5Z5ws5 + Xpiug,
wy =Xo 121w + Xo3Z3w3 + ay ¢ Zywy + Xo 5Z5ws5 + Xppua,
w3 =X31Z1w1 + X3 323w3 + X3 4Z4ws + X3 5Z5w5 + Xp3ug,
Wy =g nLows + g ¢ Zywy,
w5 =X51Z1w1 + X5 323w3 + X5 424w + X5 5Z5w5 + Xpsus,

y =CaZ1w + Ce3 Zzw3 + Cey Zywy + Ces Zsws + Du.

with

lI>

Us

Equation (4.82d) is equivalent to the following equation

Z
1-— a§7§Z4
Now, Let
Z
by = g nsaW2 ,
1 —ageZs

which can be expressed as
Wo :ang4w2 + CL§7£Z4U~)2.
Then, we have

— Z4Z2 aE:ﬂ“’?

Loy = ZaZ
2W2 244 71 1~ aceZs

= Z4w4.

50

(4.82a)
(4.82b)
(4.82¢)
(4.82d)
(4.82¢)

(4.82f)

(4.83)

(4.84)

(4.85)

(4.86)

In attention to equations (4.85) and (4.86), the system equations in (4.82) are equivalent
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to
wi =X1 121w + X1 3Z3w3 + X1 4Z2w2 + X1 5Z5ws5 + Xpiuy,
wy =Xo 121w + Xo3Z3w3 + ay ¢ Zows + Xo 5Z5ws5 + Xppua,
w3 =X31Z1w1 + X3 323w3 + X3 422w2 + X3 5Z5w5 + Xp3ug,
W =ag,Zyws + ag ¢ Z4a,
w5 =X51Z1w1 + X5 323w3 + X5 422w2 + X5 5Z5ws5 + Xpsus,

y =Ca Z1wi + Ce3Zzws + CeyZowa + Ces Zsws + Du.

From equation (4.87d), we can obtain that

Wy = agply = Z);Z4 .
If we let
. w2
i 1—aeey
Wg =w2,

then, we have

Wo =ag L4y,

Wy =wW3 + ag ¢ Z4Wy.
By equations (4.90b) and (4.87b), we can get

W = Wo + a5’§Z4lfJ4

=X91Z1w1 + X2 323w3 + ay) ¢ ZoWs + Xo5Z5w5 + XpoUo + ag ¢ Z4104

=X21Z1W1 + ay ¢ Z2Ww2 + X2 3Z3w3 + ag ¢ Zawy + Xo5Z5w5 + Xpoua.

o1

(4.87a)
(4.87b)
(4.87¢)
(4.87d)
(4.87¢)

(4.87f)

(4.88)

(4.89)

(4.90a)

(4.90D)

(4.91)

In view of equations (4.90) and (4.91), the system equations in (4.87) are equivalent to
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the following equations

wy =X11Z1w1 + Xy 4220 + Xy 3Z3w3 + X1 5Z5ws5 + Xpjuq, (4.92a)
by =ag ) Zats, (4.92b)
w3 =X3 121w + X3 42209 + X3 323w3 + X3 5Z5ws5 + Xp3ug, (4.92¢)

ZZ}4 :X271Z1'w1 + an7522w2 + X273Z3'w3 + CL§7£Z47i)4 + X275Z5'w5 + ng’u,g, (4.92d)
w5 =X51Z1w1 + X5422W9 + X5 323w3 + X5 5Z5ws5 + Xpsus, (4.92e)
y =C Z1w1 + Cey Zowsg + CezZsws + Cos Zsws + Du, (4.92f)

which correspond to the expected Roesser model (A,E,C’,D;r) in (4.79). Thus, the

Roesser models (4.78) and (4.79) represent the same system. Therefore,
CZ(I - AZ)_IB = Clle y Z(1 - H&n@an(A)H&n)_le,nB'
O

Remark 4.7. The key point here is that the £th and nth rows of Z have different variables.
Otherwise, i.e., for the case that the {th and nth rows of Z have the same variable, 1l¢ ,
and O¢ ,(A) will not affect the property on reducibility.

From the process of proving that the given n-D Roesser model (A, B,C, D;r) in the
form of (4.78) is equivalent to the n-D Roesser model (Il ,,O¢ ,(A)Ile ), ¢ n B, C1l¢ ), D)
in (4.79), it is easy to see that the reverse is also true. Then, we have the following

theorem.

Theorem 4.3. For a given Roesser model (A, B,C, D;r) with r = (r1,...,ry), if there is
a pair of indices (§,m) with 1 < &, n <r such that

ag; =0 for all j #n;

and apy, =0 for all k #n,&;
(4.93)
and bej =0 for all j;

and cgy, =0 for all k.
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Then, we have
Cz(I— AZ)_lB = CllgyZ(I - Hé,n@&n(A)H&n)_lnénBv (4.94)

with Z = diag{z11,, ..., 2,1y, }.

Proof. The proof is dual to the one for Theorem 4.2 as mentioned above, and thus is

omitted. OJ

Example 4.4. Consider the 2-D Roesser model (A, B,C, D;r) in (4.75) obtained from
(4.47) in Ezample 4.2 which is both eigenvalue trim and eigenvalue co-trim, and redefine
(A,B,C,D;r) as (A,B,C,D;r) = (1217 B,C, D; r). There is a pair of indices (§,1) = (3,4)
which meets the conditions in (4.76) of Theorem 4.2.

©4,2(A) gives that

O34(A) = (4.95)

By Lemma 4.2, the Roesser model of (A, B,C, D;r) is equivalent to the following

Roesser state-space model:

A =T13403 4(A)l3,4 =

C=Clzy=[20 2[/0], D=[0 0],

which is not eigenvalue co-trim.

It is seen that after applying the proposed transformation, the Roesser model in (4.75),
which is eigenvalue trim and eigenvalue co-trim, is transformed to the new Roesser model
(A, B,C,D;r) in (4.96) that is no longer eigenvalue co-trim.

,C,D;r) of (4.96)

oep

Example 4.5. Consider the 2-D Roesser model (A, B,C,D; r) £ (/1,

obtained in Example 4.4, which is not eigenvalue co-trim.

Since the Roesser model (A, B,C, D;r) is not eigenvalue co-trim, then the Roesser
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model (A*, B*,C*, D*;r) = (AT,C", BT, DT r) with

2
IS A AR
0

is not eigenvalue trim due to the duality of eigenvalue trim and eigenvalue co-trim.
By Procedure 1, one can reduce the 2-D Roesser model (A*, B*,C*, D*;r) to a new

2-D Roesser model:

[ 1
A =11
| 1

olo o
o o
wulS
*
|
o‘ow

(4.98)

e [0 110 . [0 L
Ci-o 01:|7 D|:0:|7 7'*(3,1)7

which is eigenvalue trim. Then, one can obtain an eigenvalue co-trim Roesser model as

1 11
A=A"=|0o0l0|, B= ¢ =
0 0|2 0 1 (4.99)

C=B"=[2 0]0], D=[00], #=(21),
for the given Roesser model of (4.96).

Remark 4.8. It should be noted that the 2-D Roesser model of (4.75) cannot be trans-
formed to another Roesser state-space model by the transformation introduced in [23], and

thus cannot be reduced by the reduction techniques in [4, 26, 29-32, 34].

4.4 Further Comparisons and Application Examples

To see some more details on the effectiveness of our new method, in this section we first
give further comparisons to the representative exact order reduction approaches including
the trim approach [23,24], the elementary operation approach [32], and the n-D Jordan

transformation approach [29]. Then, two application examples will also be presented.

4.4.1 Further Comparisons to Existing Results

As clarified in [32], the reduction conditions of the trim reduction approach and the el-

ementary operation reduction approach in one block matrix require that the given Roesser
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model is not in trim form or not in co-trim form. As discussed above, eigenvalue trim
and eigenvalue co-trim always imply trim and co-trim, but trim and co-trim do not imply
eigenvalue trim and eigenvalue co-trim in general, respectively. In addition, the proposed
eigenvalue trim reduction approach requires that the given Roesser model is not eigenvalue
trim or not eigenvalue co-trim. Therefore, the reduction approaches for one block matrix
in [23, 24, 32] are just some special cases of our new eigenvalue trim approach.

For the relationship between blocks, a transformation is given by Theorem 27 on page
119 in [23] as follows. Let an LFR be

F(M,A) = CA(I, — AM)™'B + D,

where M = [é ZB;] € RUTPX(0+9) and A = Z = diag{z11,,,..., 2.1, }. Suppose that

1 <&,n <r are such that

ag; =0 for all j #n;

and ap, =0 forall k#¢;

(4.100)
and be; =0, for all j;
and ¢, =0 for all k.
Then, we have
CA(I — AA)'B = ClI¢ , A(I — g, ATl ,A) ¢, B. (4.101)

It should be noted that the conditions in (4.100) require that the entry ag¢¢ in the
given Roesser model must be zero. However, for our new approach, the conditions in
(4.76) of Theorem 4.2 does not require a¢¢ = 0, and if the given Roesser model meets
the conditions (4.100), Theorem 4.2 will give the same result as (4.101). Therefore, the
transformation given in [23] is just a special case of Theorem 4.2, or Theorem 4.2 can be
viewed as a significant extension of the transformation given in [23].

Moreover, it should be noted that the 2-D Roesser model in (4.75) can be reduced
to a lower-order Roesser model (A,B,C’,D;r) in (4.99), whereas it cannot be reduced
by the elementary operation reduction approach [32] and the n-D Jordan transformation

approach [29].
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Based on the above discussions, we see that the eigenvalue trim approach proposed in

this paper is more general and effective than the existing methods given in [23, 24, 29, 32].

4.4.2 Application Examples

Example 4.6. Hybrid dynamical systems are generally defined as dynamical systems
where discrete and continuous dynamics interaction is involved. It can be found from
biological systems, mechanical, electrical, electronic, chemical and industrial [72, 73]. Con-

sider the 2-D hybrid system described by

[ 1(t,1) ] _ [ A Arg ] [ z1(t, 1) ] n [ By ]u(t,i), (4.102a)

:E2(t,’i+1) A271 A272 :L'Q(t,l) By
y(t,i)=[ B1 By | za(t, ) + Duf(t, 1) (4.102Db)
! za(t, 1) '
where
[10[0000] [10]
010000 00
4[4 Ai2] _[00[0010 g [Bi]_ |43
| A21 Asn ] |0O0[00O0T | T B |23
001020 44 (4.103)
100/0102] 165 ]
1 0[0010 00
C—[Cl(]?]_{o 10001}’ D‘{o 0]’ r=@249,

which is used in [74] and is in fact a 2-D Roesser model.
For this model, the distinct eigenvalues of Ay1 and Ao are {1}, {1+ V2,1 -2}

respectively. Note that for the eigenvalue 1, the matriz

(4.104)

is not full row rank. Thus the model in (4.103) is not eigenvalue trim and can be reduced.

By utilizing the proposed eigenvalue order reduction approach, we can obtain a new 2-D
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hybrid system with order 5 or (ri,7m2) = (1,4) as shown follows:

(4.105)

It should be noted that this model cannot be reduced by the trim approach given in [23] and

elementary operation approach given in [29].

Example 4.7. Consider the well-known example of asg(z1, z2, 23, z4) used in [3, 11, 19, 32,

which is in fact the most complicated entry of the parametric system matriz A(S) of the

Research Ciwvil Aircraft Model (RCAM) (see, e.qg., [3,75]),

ao9(21, 22, 23, 24)
4.106
223 ( )

az9 (21, 22, 23, 24) =
with
- 4 2 2.2 2 2,2 2, .4
G99 (21, 22, 23, 24) =Cozy + C121 2223 + Caz12525 + C321202325 + C42i2523 + C525232)
2, .2 2 2 2 2,2 2
+ cez125232) + Crz1222 + €821 22 + €921 + Cl025%24 + C1121%2)
4 4 2 4 2 2,2
+ C122224 + C132324 + C142123 + C15222324 + C1621232) + C1721 23,

where z1 is the mass; zo and z3 are the two components of the position of center of gravity;
and zs s the trimmed air speed, and cg,cy,...,c17 are the corresponding coefficients.

It has been noted that asy(z1, 22, 23, 24) is not causal and thus no standard or regular
LFR (or Roesser model) realization can be directly found for it [11]. Although it is possible
to convert agy(z1, 22, 23, 24) into a causal one by performing a normalization to uncertain-
ties, this normalization should be avoided at such an early stage because it may increase
the complezity of the problem and also the resultant LFR order [11, 33]. Therefore, instead

of ag9(z1, 22, 23, 24), one could consider first the Roesser model of

a {5@9(21, 29, 23, 24)]

3

H<21,22,23,Z4) 21z
4
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By first applying the direct-construction approach [11] to it leads to a Roesser model
(or an LFR) as

OO = OO oo OO
OO OO OO OO
O OO OO RO OoOO
O OO OO oo oo
O OO RO OO OO
O OO OO oo oo
O H O OO OO0 OO
OO O OO OO OO
O O OO = OO OO

(4.107)
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with order 15, or more explicitly, (r1,r2,73,74) = (3,6,1,5).

Cs

o | o Ofcio c12 c2 ¢7 17 cs
- 0

L0 000 O OO0 O O

For this model, distinct eigenvalues of Az o are 0 and the corresponding matric M_,
18 not full column rank. Thus, this model is not eigenvalue co-trim, and can be reduced by
the proposed approach. By the proposed eigenvalue trim approach, we can finally obtain a

new lower-order Roesser model (or LFR) as

0 0 0/0 00 0[0]0O 0010 0
0 0 1/0 0 0 0[0/ 0 0000 0
0 0 0/00O0O0/0[]0 0000 1
0 0 0/0 1 0 0[0faso 0000 0
1 0 0[0 0 0 0|0jasg 0000 0
0 0 0/0 0 0 1{0lagg 0000 0
A= 0 1 0/0 0 0 0|0lazg0000]|, B=|0 |,
S 0lE & e 0% 0000 0 (4.108)
0 0 0/0 00 0[0J]0O 0100 0
1 0 0[0 00000 0000 0
0 0 0/0 00 O0[0/]0O 0010 0
0 0 0/0 00 O0[0f]O 0001 0
L 0 0 0/0 0 0 0/0[]0 0000 ] 1

cs
0

C2 Cr Ci7 C8

o C11 G 0
C‘{ 00 0 0

0 00

¢ 0000 B
01000y b=

—
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of order 13, or more explicitly, (r1,r9,73,74) = (3,4,1,5), where

c6(cs52ciserr’+eaca®cgciateacs2egcro—ca®csercio—caescocrr —cicscrocir—cacs*cizcir)

ag9 = 2
’ (c52c17—cacace)
+ ce(—cacqcseaeg+c1c265C6C17+HCACECCTC1THC3CACEC10C1T—C2CAC6C15C1T)

(es2c1r—cacace)?

?
__cg(cacio—cseir)

a59 = )
’ €5 C17—C2C4C6 3 3 2 2_ .2 2 2 (4'109)
__€57C8C10—C57C12C17—C2C57C6C8+C57C6CTC17+HC1C27C5C6° —C27CaCe“C15—C1C2C5°C6C10

Q. =
6,9 5 ) c52c17—cacqce) ) )
__cacgeacg®cioteacacs®cecia—cacscecrcio—cacacsce’cirt+cacs cacisciy
)]
( | (cs2c17—cacace)
__ cs(ecacs—cscio
arg = —

cs?cr17—cacqce

Remark 4.9. The 4-D Roesser model (4.107) can also be reduced to the Roesser model
in (4.108) by the trim approach in [23], This is because for the 4-D Roesser model (4.107)
all the eigenvalues of A11, Az, A3z, Asa are 0, and the reduction condition for trim

approach and eigenvalue trim are equivalent for such case.

Remark 4.10. It should be noted that once a lower-order n-D Roesser model of a given n-
D filter or system is obtained by the proposed order reduction approach, it is straightforward
to get a corresponding circuit implementation by the well-known techniques (see, e.g.,

[54, 76]), and thus such details are omitted.

4.5 Contribution Summary

The notion of eigenvalue trim and eigenvalue co-trim for n-D Roesser model has been
introduced, which reveals the internal connection between the eigenvalues and the re-
ducibility of the considered Roesser model. Based on these results, sufficient conditions for
reducibility and the corresponding order reduction algorithms for n-D Roesser model have
been developed, which can achieve further order reduction than the existing approaches.
Furthermore, a new transformation for n-D Roesser models, by swapping certain rows and
columns and interchanging certain entries that belong to different blocks corresponding to
different variables, has be established, which can transform an n-D Roesser model whose
order cannot be reduced any more by the proposed approach to another equivalent Roesser
model with the same order so that this transformed Roesser model can still be reduced
further. Examples have been given to illustrate the details and the effectiveness of the

new proposed approach.



Chapter 5

Common Eigenvector Approach to
Exact Order Reduction for State-

space Models of Multidimensional
Systems

In the previous chapter, an eigenvalue trim approach has been proposed, where a
preliminary relationship between eigenvalues and sufficient reducibility conditions of n-D
Roesser model has been established. As mentioned in the introduction, the n-D models
have a complex structure involving n different variables, which leads the n-D F-M model
has n-D state matrix Aq,..., A, and the state matrix of n-D Roesser is the block form.
However, the limitation of the eigenvalue trim approach is that only part of the eigenvalues
of the state matrix, i.e., only the eigenvalues of one block, are treated, and the task of
giving a full exploration on the reducibility of n-D models by simultaneously taking into
account of the eigenvalues of all the state matrices of the F-M models and blocks in the
state matrix of Roesser model still remains unsolved.

In view of the above background, the purpose of this chapter is to establish a new
n-D exact reduction approach where the eigenvalues of all the state matrices of the F-M
models and blocks in the state-matrix of Roesser model will be simultaneously considered.
Specifically, the notion of constrained common eigenvectors is introduced, for the first time,
which provides insight into the relationship between reducibility and multiple eigenvalues.
Based on this result, new reducibility conditions and the corresponding reduction proce-
dure are developed for the F-M models, which make it possible to deal with eigenvalues of

the state matrices Aq,..., A,, simultaneously. Then, these results are generalized to the
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Roesser model, and it will be shown that this common eigenvector approach is applicable
to a larger class of Roesser models for which the existing approaches may not be applied
to do further order reduction. A Grobner basis approach is proposed to compute such a
constrained common eigenvector, which also leads to an equivalent reducibility condition.
Moreover, a generalization to the state delay case is also given so that the eigenvalues of
both the state matrix and the state-delay state matrix can be treated simultaneously.

The structure of this Chapter is as follows. In Section 5.1, sufficient reducibility condi-
tions based on constrained common eigenvectors are developed for n-D F-M models, and
then a corresponding reduction procedure is given. Section 5.2 generalize these results
to the n-D Roesser model. In Section 5.3, a Grobner basis method is established for the
calculation of constrained common eigenvectors. Finally, conclusions are given in Section
5.4.

Following the notion of constrained eigenvector in [77], we first introduce the notion

of the constrained common eigenvector, which will be used in this chapter.

Definition 5.1. Let A1,..., A, € R™", By,...,Bm € R™%, Cy,..., Coy € RP*". If a

common right eigenvector w of A1, ..., A, satisfies
Ciw=...=Chw =0,
then it is said to be a common right eigenvector of Ay, ..., A, constrained by C1,...,Cp,.
Dually, if a common left eigenvector w of Ay, ..., Ay, satisfies
wT31 =...= wTBm:0,
then it is said to be a common left eigenvector of Aq,..., A, constrained by By,..., Bn,.

For simplicity, such a vector w will just be referred to as a constrained common
right/left eigenvector in the case of having no necessity to show explicitly the related

matrices.

5.1 Reduction of F-M Models with Constrained Common
Eigenvectors

This section is to develop conditions and the corresponding procedure for exact order

reduction of the n-D F-M model by using the constrained common eigenvectors.
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5.1.1 Reducibility Based on Constrained Common Right Eigenvectors

In this subsection, the exact reduction conditions about matrices A1,..., A, and C
are developed by making use of the constrained common right eigenvectors. Then, a

corresponding procedure is presented for the exact order reduction of the n-D F-M model.

Theorem 5.1. For a given n-D F-M model (A, B,C, D;r), if the system matrices Aq,
..., Ay have a common right eigenvector constrained by C, then the given n-D F-M model

can be exactly reduced.

Proof. Suppose that Ai,..., A, have a common right eigenvector w constrained by C.
Then, for every i € {1,...,n} there exists an eigenvalue \; of A; such that
Aiw=\w (5.1)
and
Cw=0. (5.2)

We can express this eigenvalue \; and the common eigenvector w as
Ni=a;+73Bi, w=p+jv, (5.3)

where j denotes the imaginary unit, the numbers «; and §; are the real part and the

imaginary part, respectively, and g and v the corresponding vector ones. Note that if the

eigenvector w corresponds to a real eigenvalue \;, i € {1,...,n}, the imaginary parts j3;,
i€{1,...,n}, and v are both zero, i.e.,
Ai =0;, W =M. (54)

Substituting (5.3) into (5.1) gives
Aip + jAv = (aip — Biv) + j (quv + Bip) (5.5)
which leads to

Alp/ = q;pu — BV, Av = ouv + Biph. (56)
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Similarly, Substituting the second equation in (5.3) into (5.2) gives
Cp+ jCv =0, (5.7)
and then
Cn=0, Cv=0. (5.8)
There exists a full column rank matrix
RE[t, - to |eR (5.9)
which completes the matrix
R2 [p v ]eR™ (5.10)
to a nonsingular matrix T'€ R"™" as
T=[R|R|=[p v itt - t]. (5.11)
Partition 7! as
L
TlA | 12
Eal (5.12)
with L € R*™" and L € R™".

Since one can see from (5.6) that for every i € {1,...,n}, A;u and A;v can be expressed
as a linear combination of the vectors p and v, and for every i € {1,...,n} and k €
{1,...,7}, Ajtx can be expressed as a linear combination of the column vectors in T', we
have that

AiT = [ Aiﬂ AZ‘I/ ‘ Aitl s Aitr_Q ]
[ % x| % * ]
* x| x *
:[“ V‘tl tr—2] 0 0]« *
| 0 0| % * |
A A;
A 1 1
£ - 5.13
Gl (5.13)
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with x being some real constant numbers.

Pre-multiplying (5.13) by T~! gives

AlAl o LY, o5 [ LAR| LAR
[OAi]_T AZT_[L]AI[RR]_[LAZR LAiR]

LA;R| LAR
[EARLIART gy
It follows form (5.8) that
=CT=C[R|R|=[R|CR]. (5.15)

We see from (5.14) and (5.15) that

C(I, — Zn: zAy) (Zn: ZiBi>
=1 =1

n -1 n
—CoTT! (Ir — Z ziAZ) (Z ziCTT_lBi>
i=1

=1

n -1 n
=CT (Ir - Z ziTlAiT> <Z ziCTle)
i=1 i=1

o [ 0 CR ] — Z?:l ZZLAZR — Z?:l ZIEAZR -1 Z?:l ZZEBZ
o 0 ITA — Z?:l ZZLAER Z:’L:I ZZLBl

n -1 n
=CR (If — Z ZiLAiR) (Z ZZ'LBZ) . (5.16)
=1

i=1

That is to say, a new n-D F-M model (A, B,C, D; 7) with the lower order 7 and C = CR,
/L- = LA;R, B@ = LB;, has been obtained. O

Remark 5.1. It should be noted that by Theorem 5.1 ann-D F-M model is always reducible
as long as the matrices Ay, ..., A, have a common right eigenvector w constrained by C'.
Therefore, one can apply again, if possible, Theorem 5.1 to the resultant F-M model, and
repeat this process until no common constrained right eigenvector to achieve an n-D F-M

model with a lowest possible order.

A key point for applying Theorem 5.1 is how to find a constrained common right

eigenvector. In the following, we give another equivalent theorem based on eigenvalues,
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which provides a method for finding such a constrained common right eigenvector.

Theorem 5.2. For an n-D F-M model (A, B,C, D;r), if the matrix

(A1 — M)
Fr 2 : 5.17
(An — A1) ( )
C
18 not of full row rank for some \; being an eigenvalue of A;, i = 1,...,n, then the given

n-D F-M model can be exactly reduced.

Proof. By the definition of constrained common right eigenvector, we have that matrices

Ay, ..., A, have a common right eigenvector constrained by C' if and only if there exists
an eigenvalue \; of A; for every i € {1,...,n}, such that
Ajw =\ w, (5.18a)
Ci;w =0. (5.18Db)

Equations in (5.17) is equivalent to
Frw = 0. (5.19)

with F, in (5.17), which is equivalent to the rank deficient of the matrix Fj, in (5.17).

Thus, we have that Ay, ..., A, have a common right eigenvector w constrained by C' if
and only if the matrix Fy, in (5.17) is not full column rank for some eigenvalues Aq, ..., A\,
of Ay, ..., Ay, respectively. In view of Theorem 5.1, we can conclude Theorem 5.2. O

Remark 5.2. It should be noted that the exact order reduction method proposed in [15, 29]
can only treat a single eigenvalue. However, the condition of Theorem 5.2 is developed for

multiple eigenvalues, i.e., eigenvalues A1, ..., \n, of A1,..., Ay, respectively.

Remark 5.3. We would like to remark that the proof of Theorem 5.2 indicates a method
to obtain a common right eigenvector w of Ai,..., A, constrained by C. First, select an
eigenvalues A1, ..., A\n of A1, ..., A,, respectively, such that the matriz Fg in (5.17) is
not of full column rank. Second, find a nonzero vector w such that Frw = 0. In order to
establish a direct way without the knowledge of eigenvalues, another method based Grobner

basis will be given in Section 5.5.
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Now, a basic reduction procedure based on the so-called constrained common right
eigenvector is presented as shown in Procedure 5.1 to achieve an n-D F-M model with

order as low as possible.

Procedure 5.1: Exact Order Reduction of an n-D F-M Model Using a Constrained
Common Right Eigenvector

Input : A given n-D F-M model (A, B,C, D;r);

Output: A reduced-order n-D F-M model (A, B.C,D: 7);

1 while A4,..., A, share a common right eigenvector w constrained by C' do

2 Step 1: Express w as
w=p+jv (5.20)

and construct a nonsingular matrix 7" in the form (5.11) ;

3 Step 2: Extract R and L from T of (5.11) and T~ of (5.12), respectively;
4 Step 3: Obtain a reduced-order n-D F-M model (A, B,C, D; 7) by

Ai :LA,LR, Bz = LBZ, 1= 1, ey Ny

C =CR, D =D; (5.21)

Renew the n-D F-M model (A, B,C, D;r) as (A, B,C, D;#);
6 end
return the reduced-order F-M model (A,B, C’,f);f) £ (A,B,C,D;r).

;N

The following example is given to show more details and effectiveness of the proposed

reduction procedure based on constrained common right eigenvectors.

Example 5.1. Consider the 2-D F-M model (A, B,C,D;r):

-2 1 0 -1 0 —40 0 —-1-1

—4 -3 0 -1 -1 —2-30 0 0
A= -5 5 1 3 1 |, A=|-500 2 0],

9 3 -1 1 -1 7 4 —1-1-2

-2 -4 -1 -3 -2 ~1-20 -1 0

1 1

) o (5.22)
Bi=|2]|, Ba=1| -2 |,

—4 4

1 1

121 2 3 00
c=ly i s ] =0 o] e
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It can be verified that corresponding the eigenvalues \1 = —1 —3j and Ao = —3 — 2j of Ay
and As, respectively, the vector
1
—J
w=| 1-2j (5.23)
—1+25
0
18 a common right eigenvector of A1 and As constrained by C. Thus, the F-M model in
(5.22) can be reduced by applying Procedure 5.1. the specific reduction steps are as follows.

Step 1:  Since the constrained common right eigenvector w is complex, it can be

expressed as

1 0
0 -1
w= 1 +J | -2
-1 2
0 0

L+ v (5.24)

We can construct to a nonsingular matriz

1 01]000
0 —-1/0 0 0

T=|1 -2|1 0 0

-1 21010

0 01001

2[R|R]. (5.25)

Step 2: We extract the matriz L from T~ :

1 0 000
0 -1 00 0
T7'=|1 -1 =2 1 0 0
1 2 010
0 0 001
AL
vk (5.26)




5.1. Reduction of F-M Models with Constrained Common Eigenvectors 68

Step 3: We then obtain a new F-M model:

[ 1 6 3 ]
Ay =LAR=| -1 -2 -3 |,
-1 -3 -2
[0 3 1 ]
Ay =LAR=| -1 -2 -3 |,
0 -1 0 |
S
By =LB;=| 1 |,
|1 (5.27)
ST
By=LBy=| 3 |,
- _1 -
A 1 2 3
c_CR_[2 2 5},
~ 0
p-n-[1]

It is seen that the order of the obtained 2-D F-M model (5.27) is © = 3, which is lower
than that of 5 for the given one in (5.22).

5.1.2 Reducibility Based on Constrained Common Left Eigenvectors

In the previous subsection, the relationship of reducibility to the matrices Ay,..., A,
and C' has been revealed based on the constrained common right eigenvectors. In this
subsection, we will further clarify, based on the constrained common left eigenvectors, the
relationship of the reducibility of the F-M model to the matrices A4y, ..., A, and By, ..
B,.

It should be noted, however, that different to the conventional 1-D model and the

*

n-D Roesser model, the duality between an n-D F-M model and its transpose does not
hold [37,78]. Thus, the results obtained for Aj,..., A, and By,..., B, cannot be directly
applied to the case for Ay,..., A, and C via the transpose of the given F-M model, and
some alternative method or special treatment has to be adopted. It will be shown in the
following that, by introducing a notion called pseudo duality for the F-M model, we can

establish the desired relationship for Ai,..., A, and C, by utilizing the results obtained



5.1. Reduction of F-M Models with Constrained Common Eigenvectors 69

in Theorems 5.1 and 5.2.

Definition 5.2. For a given n-D F-M model (A, B,C, D;r), its pseudo dual F-M model
(Ap, Bp,Cp, Dp;r) is defined as

Ap=( Ap1 ... Apn, )& (AT,... A}D),

Bpo=(Bm Bps ... Bp, )2(CT 0 ... 0),
[ Cpy BY

Co=| + | &] ¢ [, (5.28)
| Cpn B}
S
.| 0

Dp2| . (5.29)
0

Then, reduction conditions based on constrained common left eigenvectors and eigen-

values are developed as follows.

Theorem 5.3. For an n-D F-M model (A, B,C,D;r), if matrices Ayq,..., A, have a
common left eigenvector w constrained by By, ..., By, then the given n-D F-M model

(A, B,C,D;r) can be exactly reduced.

Proof. Let (Ap, Bp,Cp, Dp;r) be the pseudo dual F-M model of (A, B,C,D;r). We
then have that

n -1 n
Cp (Ir - ziADZ) > 2B, (5.30)
i=1 i=1
- BT

n -1
= (Ir — ZZZA;F> leT
i=1

By

i BlT (Ir — Z?:l ZiA;F)_l leT
= . (5.31)
| BT (Ir > ziAiT)fl 2,07

n

Since Ay, ..., A, have a common left eigenvector w constrained by By, ..., By, by the

duality of the constrained common eigenvector we then have that w is a common right
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eigenvector of Ap1,...,Ap, constrained by Cp. Then, it follows from Theorem 5.1 and

Procedure 5.1 that the F-M model (Ap, Bp,Cp, Dp;r) can be reduced to a new F-M
model, say (AD, Bp,Cp, Dp; 7) with 7 < r, which is obtained by

Ap = (Am, o ,ADn) 2 (LApiR, ..., LApaR) = (LATR,...,LATR),

Bp = (BDhBD% . -,BDn) 2 (LBp1, LBpg,...,LBp,) £ (LC",0,...,0),

Cp1 Cp1 BT BTR
CA’D = = R = R = )
Con Cpn B BIR
Dp2Dp=[Do0 ... 0]", (5.32)

with appropriate real matrices L and R. We then find that

n -1 n
Cpb (Ir - Z ZiADi) <Z ZiBDi>
=1

i=1
n -1 n
=Cp (If = Zz‘ADi> (Z ZiBDi>
i—1 i—1
[ éDl n —1
= (Lﬂ = ZiADi> z1Bp,
L éDn =1
— N n N _1 N
Cpb1 (If - Zz'ADz‘> 21Bp1
= : . (5.33)
R " RN
| Cbn (If - ZiADz’) 21Bp1

It follows from From (5.30) and (5.33) that

n -1 n -1
BkT (Ir - Z ZlA;F> leT == CDk (L: - Z ZZ‘A]M') ZléDl (534)

i=1

and then

n -1 n -1
Bf (Ir -3 ziA;F) ot = cpy, (I,a -y zileZ) Bpy, (5.35)
=1

=1
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for every k € {1,...,n}. Transposing (5.35) gives

n -1 n -1
C (Ir - Z ZiAi> B = Bf, (If - Z Zilegi> Cois (5.36)
i=1

=1

for every k € {1,...,n}. Therefore,
n -1 n
i=1 i=1

n -1 5

i=1 i=1

n -1 5
éé’ (Ir — Z ZzAz) Z ZiBia (5'37)
=1 =1

with

Ay £ AL, Bi2Ch, O£ By
That is to say, the given n-D F-M model (A, B,C, D;r) can be reduced to a new F-M
model (A, B,C, D;#) with

A= (AL, ATy B=(CL...CRy G—BL. D-D.

O
Theorem 5.4. For an n-D F-M model (A, B,C,D;r), if
FLE[ (A-ML) - (An—MI) B ... B, |, (5.38)
is not of full column rank for some \; being an eigenvalue of A;, i = 1,...,n, then the
given n-D F-M model can be ezxactly reduced.
Proof. The proof can be done in a similar way to the one of Theorem 5.2. O

Remark 5.4. From the proof of Theorem 5.3, we can find that an n-D F-M model
(A, B,C, D;r) satisfying the condition of Theorem 5.3 or Theorem 5.4 can be reduced as
follows: Fist, apply Procedure 5.1 to reduce the pseudo dual F-M model (Ap, Bp, Cp, Dp;r)
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of the given one to get a lower-order model (AD, Bp, C’D, ﬁD; 7) with

A DT

Cp1 0
AD:(ADla"'vADn)a BD:(BDlaoa"'70)7 CD: 5 DD: .

CDn 0

Then, obtain a reduced-order F-M model (A, B.C, D;f’) for the given one by setting AL
(AT, AT ) B2 (CL,....00), C2BY and D2 D.

Example 5.2. To see more details, let us consider the 2-D F-M model (A, B, C’, ﬁ; ) in
(5.27) obtained from (5.39) in Evample 5.2, and redefine (A, B,C, D;r) as (A, B,C,D;r) =
(A,B,C,D;#). It can be checked that for the eigenvalues \; = —2 and Ay = —1 of A

and As, respectively, the matriz
Fo=[ (A1 —Ml3) (A2—Xol3) B By | (5.39)

has rank 2 and is not of full column rank. Thus, the given 2-D F-M model can be reduced.

The pseudo dual F-M model (Ap, Bp,Cp, Dp;r) of (A, B,C, D;r) is:

1 -1 -1 0 -1 0
Apr=1| 6 -2 =3 |, Ap=|3 -2 -1 |,
| 3 -3 -2 1 -3 0
12
Boi=|2|4|, Bm=o, (5.40)
| 3|5
[ -3 1 1 0 0
o="773 —1}’ DD_{O 0]'
Then, applying Procedure 1 to it yields
A [ -1 -2 A —1 -1
AD1=_71 0}, ADZZ[l 0]7
Bpy = 1 f ] , Bpy =0, (5.41)
- 1 1 A 0 0 N
Cp = _1], DD—[O 0}, =2
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Finally, we can obtain a reduced-order F-M model:

S A -1 -1 X - -1 -1
AléA%I:[ P }, Agéfﬁg::[_ ],

- A 1 A ~ 3 ~ A 1 1
Bléc&z[l]» BZéCSQZ[ :|a 02351:[2 ], (5.42)

ﬁéD:[g},fzz

In this way, the order of the 2-D F-M model given in (5.22) has been finally reduced
to 2 from 5 by the proposed approach.

Example 5.3. Consider again the 2-D F-M model in (3.30). For the eigenvalues A1 = 1
and Ao =0 of A1 and As, respectively, the matriz

1 1

(Ay — A1) 11

Fr = (AQ — )\2[3) = 1 1
C 1 1

1 1

has rank 1 and is not of full rank, then the F-M model (3.30) can be reduced. By the
proposed reduction algorithm and Remark 5.4, we can obtain the reduced-order F-M model

(3.35) for the original F-M model (3.30).

Remark 5.5. Theorems 5.1-5.4 give sufficient conditions for exact order reduction of n-D
F-M models based on common eigenvectors and eigenvalues. These results can be viewed
as the generalization of the Popov-Belevitch-Hautus (PBH) tests for the reducibility of the

the conventional 1-D case based on eigenvectors and eigenvalues.

Remark 5.6. For a given n-D F-M model (A, B,C, D;r), the reduction conditions of
Theorems 5.3 and 5.4 are as follows: The state matrices A1, ..., A, have a common left

etgenvector w such that

and the matrix

FL é [ (Al _)\ljr) (An_)\njr) Bl Bn ]
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is mot of full row rank for any eigenvalues A1, ..., A, of the state matrix Ay, ..., Ay, re-
spectively. When n = 1, the n-D F-M model reduces to the conventional 1-D state-space
model, and the reduction conditions of Theorems 1 and 2 become that the state matriz Aq
has a left eigenvector w such that

wTB1 = 0,

or equivalently the matrix
FL2[ (Ai—M\I) B |

18 not of full row rank for any eigenvalue A1 of the state matriz Ai. Satisfying these
reduction conditions means that the corresponding 1-D state-space model (A1, By, Cy, D;r)
is not controllable [38, 60].

However, when n > 2, the situation becomes much more complicated and such a rela-
tionship no longer holds. A controllable n-D F-M model may still be reducible by Theorems
5.8 and 5.4, while an irreducible n-D F-M model may even be uncontrollable. To see this
more clearly, review one of the most commonly used causal controllability notion [79]: A
2-D F-M model (A, B,C, D;r) with A = (A1, A2) and B = (B, Ba) is locally controllable
if and only if

[ I, — Ajz1 — Agzy Biz1 + Bazo |

is of full rank for any (z1,22) in C x C. Consider a controllable 2-D F-M model:

0

2

0 0

}, C=[11],D=0, (5.43)

as

1 0

[ I, — Ajz1 — Agzy Bz + Bazo | :[0 1—2— 2

0
221 4 229

is always of full rank for any (z1,22) in C x C. However, this model can be reduced by

Theorem 5.2, as for the eigenvalues A\1 = Ao =0 of A1 and As, the matriz

0 00 0|00
Fro=[ Al— Ml Ay—Xly B BQ]:[O 10 122]

18 not of full row rank.
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On the other hand, one can verify that the 2-D F-M model (3.35) cannot be reduced,

whereas 1t 18 uncontrollable as
[ Ir — Alzl — AQZQ Blzl + BQZQ ]
:[ 1—321—20 21— 29 ]

18 not of full rank for z1 = z9 = %. Similar discussion can also be carried out for the
relationship between the reduction conditions of Theorems 5.1, 5.2 and the observability.
Consequently, for n-D (n > 2) F-M models, establishing an explicit relationship between

reducibility and controllability/observability is still an open problem.

Remark 5.7. It should be noted that once an n-D F-M model with a lowest possible
order of a given n-D filter or system is obtained by the proposed exact order reduction
approach, it is straightforward to get a corresponding circuit implementation by the well-
known techniques ( see, e.g., [51,76]) and the references therein, remark 5 of [78], and

thus such details are omitted.

Remark 5.8. It should be noted that once an n-D F-M model with a lowest possible
order of a given n-D filter or system is obtained by the proposed exact order reduction
approach, it is straightforward to get a corresponding circuit implementation by the well-
known techniques ( see, e.g., [51,76]) and the references therein, remark 5 of [78], and

thus such details are omitted.

5.1.3 Application Examples

Example 5.4. Consider the 4-D F-M model (A, B,C, D;r) given in [16] of

H(Zb 22,23, Z4)

n1122 + N122324 Nn9123 + No2zy
_ d1122 + di223 + d13z122 + 1 d1122 + di223 + di13z129 + 1 (5.44)
z2 (N3121 + N3223 N412122%3

do121 + doozozy 4 dozz12023 + 1 darz1 + daozozy + dogzi2223 + 1

as follows:
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For this model, the distinct eigenvalues of A1, As, As and Ay are {0, —d21}, {0, —d11},

{0, —d12} and {0}, respectively. It can be checked that the matriz

By |

By

(Ag — M)

[ (A1 —\I,)

Fp=

0, which implies that the given model can

A3 =M\ =

18 not of full row rank for Ay = Ao

be reduced. By the proposed approach, we can finally obtain a new lower-order 4-D F-M

model as

0
0
0
0
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0

0 0 —da 1
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nii 0 T
0

0

0 0 0 0 07
0 0 0 0 0 O

1

[ —di

0

0 00 0 0 O
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—d12 0 1 0 0 0 O 0 na1
0O 00 0 0 0 0 0 0
0O 00 0 0 0 0 0 0
Ay = 0O 00 0O 0 O0O0]|, Bg=| 0 o0 [,
0O 00 0 0 0 0 0 0
0 0 0 —d23 0 0 O 0 nq1
. 0 0 0 0 0 0 0]  ngs 0|
0 0 0 0 0 0 0] [0 gy ]
000 0 000 0 0
000 0 000 ne 0
Ay=10 00 0 00 0], Bs=| 0 0 |,
000 0 000 0 0
000 0 000 0 0
| 0 0 0 —dey 0O 0 0| 0 0 |
5 1 00000 0 - . )
C=10 001000l B=0 D=o =7

That is, the order of the given 4-D F-M can be reduced by one-half.

Example 5.5. In this example, we shall apply the proposed common eigenvector approach
to reduce a 2-D F-M model for the mental rolling process [57, 80] shown in Figure 5.1.
Such a process can be described by the equation [57, 80]:

|

r——1
| M i
I Y1
Zero Compression
Spring Separation
Metal Strlpk/ yi +

f\
yz'fl U Roller

Figure 5.1: Mental rolling process.
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A Mp? 1
i t) = ———— ]. 71— t - 7Fm 9
) = 3 { (14 5 ) a0 - 1P|
where p denotes the differentiation operator d/d(t); y;(t) is the ith actual roll-gap thickness;
F,, is the force developed by the motor and M is the lumped mass of the roll-gap adjusting

mechanism; A1 is the stiffness of the adjusting mechanism spring; Ao is the hardness of

the mental strip and \ = )\);1_:‘/\22 is the composite stiffness of the mental strip and the roll

mechanism.
As shown in [57], the mental rolling can be described by the following 2-D F-M model:

asz a4 a1 ag as 00 0O0O b 0
00100 00000 0 0
A1: 00 0O0O ,AQ— asz a4 a1 ag as ,Bl— 0 ,BQI b y
00000 00100 0 0 (5.45)
00000 01 00O 0 0
C=[00100], D=0 r=5
with
b 2M Y M
YA PTATZ+ M
A <T2+M> —2AM
a3 —=———5 N | a4 = ’
PTATZ+ M\ TN (T2 + M)
AM —\T?
a5 =—F—o——, b= b
A1 (NTE + M) Ao (ATE+ M)

For this 2-D F-M model, the distinct eigenvalues of Ay and Ay are {0,a3} and {0,

2
aligﬂ}, respectively. One can check that

(A1 — M\iIs)
Fr= [(A2 — A\aI5)
C

is not of full column rank for A\ = Ay = 0, which means that the 2-D F-M model can be
reduced. Applying the proposed approach to (5.45) yields a new lower-order F-M model:

0 1 0 000 0 0
A1 = 0 0 0 s A2 = a4 ai as |, Bl = 0 s BQ = b y

a0 @18 g 1 2 9 asb 0 (5.46)

as as as as

>
Il
ad

C=[010], D=0,
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It is seen that the order of the obtained F-M model of (5.46) is only three-fifths of the
given model of (5.45).

Example 5.6. Consider the following 3-D F-M model for implementations in distributed

grid sensor networks [8]:
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Applying the proposed constructive reduction procedure yields the following much lower

F-M model:

A~

5.2

OO O o oo
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Reduction of Roesser Models with Constrained Com-
mon Eigenvectors

In this section, new reducibility conditions and the corresponding reduction procedure

will be developed for the n-D Roesser model by taking into account the eigenvalues of all

the main diagonal blocks in the system matrix. To do this, we first introduce the notion

of the constrained common eigenvector and give some notational preparations.



5.2, Reduction of Roesser Models Using Common Eigenvector 82
For an n-D Roesser model with r = (r1,...,7,) and r =71 + ... + 1y, the set
{6171, ceey €Ly, €21, oty €205, ooty €n T, ey, em«n} (547)

is called the associated standard basis of this model, where the components of e; , i =

1,...,n, k=1,...,7, are 0 except for the s; ;th component being 1 with

- k, A 1=1;
T R+, i1

Then, fori =1,...,n, let

Ei=[0 ... 0 e1 ... e, O ... 0], (5.48)

whose columns are zero except the s; ;th columns being e; ., k =1,...,7;.
For the given n-D Roesser model (A, B, C, D;r), we also define

0...41;...0
0... Ag; ... 0
0... : ...0
0... Ap; ... 0
0 0 0 0
Ay =EfA= |41 Aip ... Ain|, Bu=E'B=|B;|, (5.49Db)
0 0 0 0

fori =1,...,n, where F; is defined in (5.48) and the subscripts ¢ and r denote that the

coefficient matrices are partitioned based on columns and rows, respectively.

5.2.1 Reduction Using Constrained Common Right Eigenvectors

In this subsection, reducibility conditions and the corresponding reduction procedure

are given by employing the constrained common right eigenvectors.

Theorem 5.5. For a given n-D Roesser model (A, B,C, D;r), if the matrices Ac1, - .., Aen
have a common right eigenvector constrained by the matrices Ce, ..., Cen with Ag; and

Cei defined in (5.49a), i € {1,...,n}, then (A, B,C, D;r) is reducible.

Proof. Suppose that Aci,...,Aq, have a common right eigenvector w constrained by

Cety...,Cepn. Then, for every i € {1,...,n} there exists an eigenvalue \; of A.; such
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that

Aw=\w, C,w=0. (5.50)
We can express this eigenvalue A; and the corresponding eigenvector as

ANi =+ B, w=p+ ju, (5.51)

where j denotes the imaginary unit, a; and 5; are the real and imaginary parts of \;, and
p and v the real and imaginary parts of w, respectively.

Note that when the eigenvector w corresponds to a real eigenvalue \;, i € {1,...,n},
we have that f; and v are both zero, i.e., \; = a;, w = p. It follows from (5.50) and

(5.51) that
Acipp = aipp — Biv,  Agv = v + Bip, (5.52a)
Coipt = 0, Covr = 0. (5.52b)

Construct a nonsingular matrix 7' € R"*" as

T = [[1, I/‘él’l él,fl én,l én,fn] = [R R], (553)

without including v if v = 0, where every €;, is selected from {e;1,...,e;,,} in (5.47)
with i € {1,...,n} and k € {1,...,7}; Re R"™*", R € R"*" with # = #, + ... + #, and

7 =1 — 7. Then, partition 77! as

Tlé[

&~ =

} (5.54)

with L € R™" and L € R™".
In view of (5.52a), we have that for every i € {1,...,n}, A;p and Aqv can be
expressed as a linear combination of the vectors p and v, which gives that

AT = [Acip Aciv Aciern ... Aciers, ... Acieni ... Acién s, |
N ~ A~ A~ ANci Aci Aci Aci
— [u Vel ... €15 .. €y ... enﬂzn] [ } =T [ ] , (5.55)
for some 7 x 7 matrix flm- and

A =LA4R e R™" Ay =LA4R € R™7 (5.56)
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with # = 71 + ... + 7, < r. By the definitions of e; ; and R, we have

ZR = [émzl R R R BT - - énﬂ:nzn] = RZ,

with Z = diag{z117,,...,2n1s, }. Thus,

TYAZT =T7! (Z Acizi> T = Z T ATz
=1

i=1

_ Z?:ljcizi Z?:lAciZi _ Z?Zlﬁcizi EAZR _ Z?leicizi szRZA
- 0 P Az 0 LAZR| ™~

It follows from (5.52b) that for every i € {1,...,n},
CoT = Cap Cov Ceiern ... Coilrp
Ceibni - Ceibns, | =[0 Cu ],
with Cy; = C;R € RPX™. Thus,
CZT= (iCz) T=[0 X! Cquz]=[0CZR]=[0 CRZ].
=1
We see from (5.58) and (5.60) that
CZ(I, — AZ)'B=CzTT (I, - AZ)"'TT7'B
—(C2T)( I, - T*AZT ) ' (T'B)

I— 5" Auz —LARZ }1 [iB]

=[0CRZ] 0 I, — LARZ LB

—CRZ (I - LARZ )" LB.
That is to say, we have obtained a new n-D Roesser model
(A,B,C,D,#) 2 (LAR,LB,CR, D;#)

with 7 < r.

0 LARZ|"

84

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

O]

The reduction condition based on common right eigenvector given in Theorem 5.5

can be equivalently transformed into the following one characterized by eigenvalues of

Acb s ,Acn-
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Theorem 5.6. For a given n-D Roesser model (A, B,C, D;r), if the matriz
[ (Acl - )\117‘) ]

(Acn _)\nlr)

. (5.62)

Ccn

is not of full column rank for some eigenvalue \; of A¢; with A¢; and Cg; defined in (5.49a),
i€{l,...,n}, then (A, B,C, D;r) is reducible.

Proof. By the definition of constrained common right eigenvector, we have that matrices

Act, ..., Aep have a common right eigenvector w constrained by Ceq, ..., Ce, if and only
if there exists an eigenvalue A; of A¢;, ¢ € {1,...,n}, such that
Ajw = \w, Cw=0,i=1,...,n. (5.63)

(5.63) is equivalent to Fiw = 0, which is then equivalent to the rank deficient of the
matrix Fe in (5.62). Thus, we have that A, ..., A¢, have a common right eigenvector w
constrained by Ce1, ..., Ce, if and only if the matrix F; in (5.62) is not of full column rank
for some eigenvalue A\; of A¢;, i = 1,...,n. In view of Theorem 5.5, we obtain Theorem

5.6. U

Remark 5.9. In view of the definition A¢; in (5.49a), one can verify that the eigenvalues
of Aci include all the eigenvalues of the diagonal sub-block A;; in the system matriz A. It
means that the eigenvalues of all the blocks A;;, 1 =1,...,n, have been taken into account

in Theorem 5.6.

Remark 5.10. The proof of Theorem 5.6 indicates a method to obtain a common right
eigenvector w of Aci,...,Acn constrained by Cei,...,Cen. First, select an eigenvalue
Ni of Aci, © = 1,...,n, such that the matriz F, in (5.62) is not of full column rank.
Second, find a nonzero vector w such that F.w = 0. However, in this way, we need to
find all the eigenvalues of Ac1, ..., Acn, and consider all the possible combination of these
eigenvalues. It is therefore desirable to have a method to directly compute the constrained
common eigenvector without prior knowledge of these eigenvalues, which will be discussed

in the next section.
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Now, a basic reduction procedure can be given as follows.

Procedure 5.2: Exact Order Reduction of an n-D Roesser Model Using a Con-
strained Common Right Eigenvector

Input : A given n-D Roesser model (A, B,C, D;r);

Output: A reduced-order n-D Roesser model (121, B,C,D; 7);

1 while A, ..., Acn share a common right eigenvector w constrained by Cey, ..., Cen
do

2 Step 1: Express w as w = p + jv and select &;;, from {e;1,...,€;,,} in (5.47)
to construct a nonsingular matrix 7" in the form of (5.53);

3 Step 2: Extract R and L from T of (5.53) and T~! of (5.54), respectivley;
4 Step 3: Obtain a new Roesser model (fl, B,C, D; 7):

AL LAR, B2 LB, C#%CR; (5.64)
5 Renew (A, B,C,D;r) £ (A,E,CA',D;?);

6 end

7 return (A,E,C’,D;'f') £ (A, B,C,D;r),

Example 5.7. To show the details and effectiveness of the proposed procedure, consider
the 3-D Roesser model:

-1 1 -10[/3 2 0 0|1 0] (1]
—21 -30/1 4 0 —-1|1 1 1
20 411 0 1 0]2 0 1
—42 —41|7 8 1 42 0 1
“11 00/3 2 0 0]1 —1 1
A=1_10 00-23 0 0l0o 0] B=]o|
—3-102[1 24 0]-3-1 1 (5.65)
1 0 101 -1-12|2 1 1
—20 11/1 2 1 2]1 0 0
|0 0 -10{0 0 0 0[0 1 1]
—2001J2020/11 0
02_0010010101}’ D:M’ r=(442).

For this model, we have the matrices

A11 044042 044 A12 042 044044 A;s
Aci=[A21044042|, App=|044A22042|, Acz=[044044 As3],
As1 02,4 029 024 Az 2 029 024004 A3 3 (5.66)

Ce1=[C1 024 023], Ceo=1[024 C3 023], Cez=][024 024 Cs].

It can be verified that corresponding to the eigenvalues \y = —j, Ao =3 — 25 and A3 =0
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of Ac1, Aca and Acg, respectively, the vector

w=1[j 145 02 j -1 —j 1.0 0]" (5.67)

is a common right eigenvector of Aci, Aca, Acg constrained by Cei, Cen, Ce3. Thus, this
model can be reduced by applying the proposed reduction procedure.

Step 1: Since the constrained common right eigenvector w is complex, we have w =

un+ jv with
p=[0-1000-10100]", (5.68a)
v=[-1-10-2-101000]". (5.68D)
Then, we can construct a nonsingular matriz
T=[pv|e e é13 141821 €22:831 €32]=[R|R], (5.69)

where €1,1 = €1,1, €12 = €12, €13 =€13, €14 = €14, €21 = €21, €22 = €22, €3] = €31,

€32 =e33.
Step 2: Extract L from T :

[0000000100]
0000001000
1000001000
0100001100
0010000000
0001002000
0000101000
0000010100
0000000010

(0000000001

T =

[>
[

™~

(5.70)

Step 3: By (5.64) a new lower-order 3-D Roesser state-space model (121, B,C, D;+) is
obtained as

[ —4 0 -12]4 0/—2 1] 0
—40-22[3 1]0 1 1
204 1/10/2 0 1
- | =100 -45]9 4|-4 —2 R ~1
A=l— 0021022 B=|=|
0 010/-12/2 1 1 (5.71)
2011121 0
| 0 0-10/0 0[0 1 | 1
~ [-2001]20]11 0 )
“=lo 010()100]’ D“{o]’ r=422).
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By renewing (A, B,C, D;r) as (A, B,C,D;r) = ( A, B, A,D;'f‘) and applying again the
proposed reduction procedure to the Roesser model (A, B,C, D;r), we can obtain a further
lower 3-D Roesser model:

(1 1|-3-2/0 0 !
—2.4|1 02 0 1
|4 0[4 022 5 |2
A=lo 1|-12]2 1| B0 |
2 1|1 2|1 0 0 (5.72)
L0 -1{0 0|0 1 1
., _[-20]20[11 o] .
c=[ 2o ii] p=[o] e

5.2.2 Reduction Using Constrained Common Left Eigenvectors

In the similar way shown in the previous subsection, reducibility conditions can also

be established based on the constrained common left eigenvectors.

Theorem 5.7. For a given n-D Roesser model (A, B,C,D;r), if Au,...,Am have a
common left eigenvector constrained by By, ..., By, with Ay and By; defined in (5.49b),
i€{l,...,n}, then (A, B,C, D;r) is reducible.

Theorem 5.8. For a given n-D Roesser model (A, B,C, D;r), if the matrix
F2[ (Au-ML) .. (Aw=XI) Ba ... Bu | (5.73)

is not of full row rank for some eigenvalue \; of Ay;, with Ay; and By; defined in (5.49b),
i=1,...,n, then (A, B,C, D;r) is reducible.

Since Theorems 5.7 and 5.8 can be proved similarly as Theorems 5.5 and 5.6, respec-

tively, the details are omitted here for brevity.

Remark 5.11. Due to the duality, an n-D Roesser model (A, B,C, D;r) satisfying the
reducibility condition of Theorem 5.7 can be reduced as follows: First, use Procedure 5.2
to reduce the Roesser model (A,B,C’,[?;r) £ (AT, 0T, BT, DT;r) to get a lower-order
Roesser model (fl,é,é’,f);f“). Second, set (A,B,C’,D;f“) = (f:lT,CQ'T,B%T,D;f“) which is

a lower-order n-D Roesser model for the given n-D Roesser model (A, B,C, D;r).

Remark 5.12. Theorems 5.5, 5.6 and Theorems 5.7, 5.8 can be viewed as a kind of

generalization of PBH tests for the exact reducibility of n-D Roesser models.
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It should be noted that Theorems 1, 2 and Theorems 3, 4 give only sufficient reduction
conditions for the n-D Roesser models. That is to say, not satisfying these conditions
does not mean that the Roesser model under consideration is no longer reducible. In
fact, it is interesting to see that, for an n-D Roesser model that does not satisfy the
reduction conditions, when it is transformed to another equivalent n-D Roesser model in
the sense of the input/output equivalence [15, 23, 29], the transformed system may satisfy
the reduction conditions, and thus can be further reduced by our approach. To show this

fact, some details are given below.

Example 5.8. Consider the 2-D Roesser model given by,

2
0

. B= . C= ol D=1[00], (5.74)
2

with v = (3,1), which cannot be reduced by the methods of [30, 31, 34]. For this Roesser
model, we have

A11031 033 A1
Ao |:A271 01,1} ’ - {01,3 A2;2} , Ca=[C1011], Ca=[013C], (5.75)

and the distinct eigenvalues of Ac1 and Aco are {0,1} and {2}, respectively. It can be
verified that for every A1 € {0,1} and Ay € {2}, the matriz

(Act — AMily)
(Ac2 —A2ly)
Cc2
CCQ

F, =

1s of full rank. Thus, the matrices Ac1 and Aco do not have a common right eigenvector

constrained by Cc1 and Ceo. In the similar way, one can verify that the matrices

Arn Ay 2} [03 3 03 1]
A — ) ) , A — ) )
! [01,3 01,1 T Ay Agg

do not have a common left eigenvector constrained by

B 0
Br1:|: 1:|7 Br2:|:_B3’22:|-

Thus, this Roesser model cannot be reduced by directly applying the common eigenvector

approach.
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However, as show in Example 4.4, the given Roesser model of (5.74) is equivalent to

the following Roesser model:

0 0 2
_ 1 0 = 0 —

, B=1, 41 C= PR D=[0 0]. (576)

0 1 0

For this new equivalent Roesser model, we have
1 Ay 03 1} 1 [033/11 2] ~ A A A

Aa=|7"7 7", Ae=|.""73"", Ca=|C1011], C;i=|013C5. 5.77
=] dafge gl casiion], Ca-bucd. G

It can be verified that for the eigenvalues Ay = 0 and Ay = 2 of Ac1 and Aca, respectively,

the matriz

(Act — M 1Ly)

(A2 — A2ly)
CC2

CC2

F, = (5.78)

has rank 2 < 3 and then has not full rank. Thus, the matrices Ac1 and Ay have a common

right vector, say
w=[-1 0 1 0], (5.79)

constrained by Cer and Cy, and then the Roesser model of (5.76) can be reduced by the

proposed common eigenvector approach. Then, by the proposed reduction procedure one

can obtain the following lower-order Roesser model:

00 ERR

1 0|, ¢C=|0]| , D=[0 0], (580
0

1 1)1
A=|o0 o|lo |, B=
0 0]2 0 1

with order = (2,1).

Remark 5.13. This example shows that due to the complexity of n-D reduction problem
there being no further reduction via the common eigenvector approach does not guarantee
the existence of a further exact reduction of a Roesser model to a smaller Roesser model
with the same transfer function. The results indicate that this aspect of the problem requires

further study.
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5.2.3 Comparisons to Existing Results and Further Generalization

To see more details on the effectiveness and novelty of the common eigenvector ap-
proach, in this section, we give some further comparisons to the representative exact
order reduction approaches including the eigenvalue trim approach [15], the trim approach
[23,24], the elementary operation approach [32], the n-D Jordan transformation approach

[29]. Then, further generalization will be given.

Comparisons to Existing Results

Lemma 5.1. If ann-D Roesser model (A, B, C, D;r) is not eigenvalue co-trim, Aci, ..., Acp
have a common right eigenvector w constrained by Ce1,...,Ce1, however the reverse is
not necessarily true. Dually, if an n-D Roesser model (A, B,C, D;r) is not eigenvalue
trim, matrices Ay, ..., A have a common left eigenvector w constrained by By, ..., By,

however the reverse is not necessarily true.

Proof. The result for the constrained common left eigenvector is dual. Therefore, for sim-
plicity, we only show the relationship between the constrained common right eigenvector
and the eigenvalue co-trim.

Suppose that the n-D Roesser model (A, B,C, D;r) is not eigenvalue co-trim, i.e.,
there are indices i € {1,...,n} and t € {1,...,1;} such that the matrix M_; in (4.6) has

no full column rank. Thus, there is a nonzero vector w; such that M,iwi = 0, which gives

that
Ajiwi = A\jw;, Ciw; =0, Apjw; =0 for all k #i. (5.81)
If let w = [OLT1 coe O Wi 01y oo 01,7‘71} , we can verify that
Agiw =\ 1w,
Agw =0w for all k& # 1, (5.82)
Caw=...=Cprw =0,
which shows that Agq, ..., Ae, have a common right eigenvector w constrained by Cep,

.., Ce1. Thus, if a given n-D Roesser model (A, B,C, D;r) is not eigenvalue co-trim,

Act, ..., Acp have a common right eigenvector w constrained by Ceq,...,Ce1.
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It should be noted that for the 3-D Roesser model (5.65) in Example 5.7, matrices A1,
Aco and Acs have a common right eigenvector w constrained by C¢q, ..., Cc1, whereas it

can be verified that this model is eigenvalue co-trim. O

As discussed above, a non-eigenvalue co-trim n-D Roesser model (A, B, C, D; r) always

implies that matrices A¢, ..., Aey have a common right eigenvector w satisfying
C’Clw:...: CleO.

However, the reverse is not true. The result for eigenvalue trim is dual. Thus, the reduction
approach given in [15] is just a special case of the common eigenvector approach given here.
Moreover, it has been shown in [15] the reduction approaches of [23, 24, 32] are just special
cases of the eigenvalue trim approach. Therefore, the common eigenvector approach is

more general and effective than the existing methods given in [15, 23, 24,29, 32].

5.2.4 Further Generalization

It is possible to further generalize the proposed common eigenvector approach to the
Roesser model with state delay. The n-D discrete linear system with state delay is in the

form of (3.10) with addition term Agqxq(i1,...,i,) [81], i.e.,

x'(i1,...,in) =Ax(i1,...,in) + Aqxq(it, ..., in)

with
.’L‘l(il—d, ’1:2, e ,in)
md(il,...,in):
mn(’il, ceey Z'nfl,in—d)

For simplicity, this Roesser model with state delay is denoted by (A, A4, B,C, D;r).

The corresponding transfer matrix is
H(zi,...,2n)=CZ(I, — AZ — AdZd+1)—lB+D

with
Z = dia’g{zllrla s 7ZnITn}
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Then, the exact order reduction for the case with state delay can be stated as follows.
For a Roesser model with state delay given by (A, Aq, B,C, D;r), find another Roesser
model with state delay given by (A, Aq, B, C, D; #) such that

Co(I;—AZ—Aq27 ) 'B =CZ(I,— AZ—Aq 2% 1)~}

~

r<r

with 7 = (71,...,7), 7 = F1+...+7, and Z = diag{z11;,, ..., zn1;, }. Then, the following

result can be generalized.

Lemma 5.2. An n-D Roesser model with state delay given by (A, Aq, B,C, D;r) is re-
ducible if Ac1, ..., Acn, Adel, - -+, Aden have a common right eigenvector constrained by
Cety ..., Cen, where Ac; and C¢; are defined in (5.49a), and Aqe; = E;Aqc with E; given

in (5.48), or equivalently, the matriz

(Acl - )\IIT'> i
(Acn - )\nIr)
(Adcl - )\dllr)
Fi. & : (5.84)
(Adcn - )‘anT‘)
C101
Ccn

is not of full column rank for some eigenvalue \; and Aq; of Ac; and Age;, Tespectively,

ie{l,...,n}.

The proof of Lemma 5.2 can be done in a similar way to the ones of Theorems 5.5 and

5.6, and thus the details are omitted here.

Remark 5.14. The common eigenvector approach can treat the eigenvalues of both the
system matriz A and the state-delay system matric Aq. However, the eigenvalue trim

approach given in [15] is difficult to be generalized to the case involving both A and Aq.
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5.3 Calculation of Constrained Common Eigenvectors

In this section, a Grébner basis method [82,83] is established to directly obtain a
constrained common eigenvector without calculating the relevant eigenvalues. To this

end, we introduce the following notation.

Definition 5.3. Let {fi(x),..., fi(x)} be the set generated by the union of the entries in
Cix and the 2x2 minors of the matrices X; = [Ajx x], i =1,...,n. Then, I, . A..Ci...Cn
is defined to be the ideal generated by {f1(x),..., fi(x)}.

The basic idea to obtain a common right eigenvector of Ay,..., A, constrained by

T is a common right eigenvector

C,...,C, is as follows. We know that @ = [x1 ... ]
of Ay,..., A, if and only if every pair of A;x and « is linear dependent for ¢ € {1,...,n}
[84]. Thus, a nonzero vector  is a common right eigenvector of Ay,..., A, constrained
by Ci,...,C, if and only if X; = [4;z x] and C;x have rank 1 and 0, respectively, for

every i = 1,...,n. Then, we have the following results.

Theorem 5.9. Let G = {g1(x),...,gm(x)} be the reduced Gribner basis of the ideal

Iy, 4,cCi,..C.- Then, the matrices Ay,..., A, have a common right eigenvector con-
strained by C1,...,Cy if and only if there is a nonzero vector w such that g;(w) = ... =
gm(w) = 0.

Proof. A nonzero vector w is a common right eigenvector of Aq,..., A, constrained by

Cy,...,Cy if and only if X; = [Ax x| and C;x have rank 1 and 0, respectively for all

i=1,...,n,ie, filw)=... = fi(w) =0 with (fi(x),..., filx)) =Ta, . A.c,..Cn By
Grobner theory [82,83], we known that the solutions of ¢g1(w) = ... = g(w) = 0 and
filw) =...= fi(w) = 0 are equal. Then, the proof is completed. O

Theorem 5.10. Let G = {g1(x),...,gm(x)} be the reduced Grébner basis of the ideal

Iyr  avpr..pr- Then, the matrices Ay, ..., Ay have a common left eigenvector con-
strained by By, ..., B, if and only if there is a nonzero vector w such that g1(w) = ... =
gm(w) =0.

The proof is dual to the one for Theorem 5.9, and thus is omitted.

In view of Theorems 5.5 and 5.7, one can easily obtain the following result.
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Theorem 5.11. For a given n-D Roesser model (A, B,C, D;r), let G = {g1(x), ..., gm(x)}

be the reduced Grébner basis of the ideal I A, ... Acp:Cer,....Con OT the ideal IATP._.,AT BT

T.
™) rl""’Brn

If there is a nonzero vector w such that gi(w) = ... = gm(w) = 0, then the given Roesser

model is reducible.

Remark 5.15. We would like to remark that the order r of n-D Roesser model is equal to
the number of variables in IA?7--~7AE;31T7--~7BE’ and the computation of the reduced Grébner
basis is time-consuming for a large number of variables. For this reason, a large amount
of work has been done aiming to improve efficiency so that it can cope with large numbers
of variables or large order r (see, i.e., [85,86]). The reduced Grébner basis can also be
easily obtained by a computer program such as "gbasis” in MAPLE and ”groebner::gbasis”

in MATLAB.

Example 5.9. Consider the matrices Aci, Ac2, Acs, Ce1,Ceo and Ceg in (5.66) of the
given 3-D Roesser model in (5.65). A reduced Grobner basis of the ideal generated by

T4y Ay, Ace;Cer ,Cen,Cos €O be calculated as
g :{2:c1 — X4, 1‘22 — 2$7x8, 2.%‘82 — 2.%71‘8 + Toxy4,
— x82 + xrxs + T27, T2T8 + T7TY + x82,
2 4 dxg? 215> 2
T3, T4~ + 487, x4x7 — 2287, w428 + 22778,
2 2
x5 + X7, Te + X8, T7° + X8, Tg, T10 |-

One nonzero solution of the polynomials given in G is just the vector w in (5.67), which
is common right eigenvector of Ac1, Aco and Acs constrained by Ce1,Cea and Ces. Thus,

the given 3-D Roesser can be reduced.

5.4 Contribution Summary

The notion of constrained common eigenvector has been introduced to simultaneously
take into account the eigenvalues of multiple matrices. Based on this constrained common
eigenvector, sufficient reducibility conditions for the n-D F-M model and the n-D Roesser
model have been developed, which can be viewed as a kind of generalization of PBH

tests for the exact reducibility of n-D state-space models. A Groébner basis approach
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has also been proposed to compute such a constrained common eigenvector. Moreover, a
generalization to the state delay case has been given to show this method more applicable.

Examples have also been given to illustrate the details and effectiveness of the new method.



Chapter 6

Common Invariant Subspace
Approach to Exact Order
Reduction for State-space Models
of Multidimensional Systems

In the previous chapter, the exact order reduction of n-D state-space models has been
studied based on common eigenvectors. In the present chapter, we take a more general
approach, i.e., the so-called common invariant subspace approach, and then can exactly
reduce n-D state-space models even when the previous conditions are not met. It turns
out that the new common invariant subspace can obtain a minimal state-space realization
in the noncommutative setting, i.e., the variables in the system are not commutative.

Specifically, we first present some notations in the noncommutative setting. Then,
a necessary and sufficient condition for the existence of a common invariant subspace is
proposed. Finally, new reducibility conditions for are developed for the F-M model and
the Roesser model based on a common invariant subspace.

This chapter is organized as follows. In section 6.1, we introduce n-D models in the
noncommutative setting. In Section 6.2, a necessary and sufficient condition for the exis-
tence of common invariant subspace is developed. Then, based on that common invariant
subspace, a new necessary and sufficient reducibility condition is presented for the n-D
F-M in Section 6.3. Section 6.4 generalize these results in the F-M model to the Roesser

model case. Finally, conclusions are made in Section 6.5.

97
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6.1 Noncommutative Setting

In this section, we will introduce the n-D models in the noncommutative setting. To

this end, we need the following notations.

Notation 6.1. For a positive integer n, denote by n the set {1,...,n} and by Fy the
finite set of sequences of elements of the set n. The elements of Fyn are also referred to as

strings or words over the set n [87]. Each non-empty word w is of the form
w=o109...0

for some ay,...,ap € n. The element ay is called the kth letter of w, for k = 1,...,1
and 1 is called the length of w and is denoted by |w|. We denote by € the empty (word)
sequence and the length of € is zero by definition. We denote by F,I the set of non-empty
words. Let the set Fyf (k1,...,k,) C Fy such that the number of letters i € n in the word

w is equal to k; for each word w = cqyaz...qp € Ff(k1,... k).

Notation 6.2. Let A; € R™", ¢ € n be a finite collection of matrices indexed by
elements of the set n and let v = ajas...qq € Fn. The nxn matriz A, is defined as

follows.
Ay = Ay Ay—1 - Aay, (6.1)

where A, is the identity matriz if v =€, i.e., Ac = 1.

Notation 6.3. Let

Arp A ... A,
B Rl By (6.2)
Amy Anz oo Ann
with A;, € R ik =1,...,n. Let v = ajan...0q € Fn. Then, the ro,Xrq, matric
Ay is defined as follows.
Ay = Aoy o1 Aay_t.0ns - - Aag.ons (6.3)

where Ay is the identity matriz if |v| =1, i.e., Ay =1 fork=1,... n.
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Notation 6.4. A formal power series H(z1,. .., z,) in noncommutative setting is defined

by

H(z1,...,20) = Y H(w)z", (6.4)

WEFn
where H(w) is the coefficient matriz w.r.t.
2Y = 2a;Zay_q - - - Zons (6.5)
with
w =010y ...0.
Note that here the variables zi, ..., z, in (6.4) are not commutative, i.e.,

ZanZay F ZanZan
for all a1 # a9 and a1, a0 € n.

Now, we can introduce the n-D transfer function matrices in the noncommutative
setting.

For the transfer function matrix H(z1,..., 2z,) in (3.23) of the n-D F-M model (A, B,
C, D;r) in (3.22), if one assumes the unite delay operators z1, ..., z, are noncommutative,
i.e, ZayZay # ZanZay for a1 # ag and aj, a0 = 1...,n, then this transfer function matrix
is said to be noncommutative. That is, the noncommutative transfer function matrix of

the F-M model (A, B,C, D;r) is

H<z17"'>zn)

n -1 n
=C <O¢T — Z Aﬂi) (Z Bizi> + D
=1 =1

00 n k /on
k=0 \1i=1 =1

= Y CAyBa,2" + D, (6.6)

weFT

with w = ajag...qp = v € F, A, defined in (6.1) and 2% defined in (6.5).
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In the similar way, the noncommutative transfer function (matrix) of the Roesser model

(A, B,C, D;r) can be defined as

H(zi,...,2,) =C(I, — ZA)™'ZB+ D
Az Arpnizn Ay n21 - Bz
A2,122 A2,22222 A2,n22 Bz
:[ C1 Oy Cn ] I, — .
An,lzn An,2znzn An,nzn Bz
k
A1,121 A1,22121 Al,n21 Bz
© | Asiza Aszoz Ag n2o Bszy
=[C1 Oy Co ][> , .
—o : : :
An,lzn An,2znzn An,nzn ann
= Y (CoyAswBa,)z" + D, (6.7)
ﬂu}»’:'J:;r
with w = aqag...q € F, Ay defined in (6.3) and 2% defined in (6.5). Note that

Co, = Cq, f w=aq.
Next, we define the noncommutative realization and noncommutative exact order re-

duction of n-D systems in the F-M model.

Definition 6.1 (The F-M Model Realization in the Noncommutative Setting). For a given
formal power series in the form of (6.4) if there are matrices Aq,...,Apn, Bi,...,Bp, C

and D such that

CAyBa, =H(w), D = H(e), (6.8)

for w = aras...qp = aqv € FF, with A, defined in (6.1) and 2% defined in (6.5), the
F-M model (A,B,C, D;r) with A = (A1,...,Ap) and B = (By,...,By) is said to be a

realization of (6.4) in the noncommutative setting.

Definition 6.2 (Exact Order Reduction of the F-M Model in the Noncommutative
Setting). The exact order reduction to be considered for F-M state-space models in the

noncommutative setting can be stated as follows: for a given F-M state-space model

(A,B,C,D;r), find another F-M model (A,ﬁ,é’,D;f’) such that
CA,Bj 2 =CAyBa, 2%, 7 <, (6.9)

for all with w = ayas. ..o = v € Ff, with A, defined in (6.1) and z* defined in (6.5).
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Definition 6.3 (Minimal F-M Realization in the Noncommutative Setting). An n-D
Roesser model (A, B,C, D; 7) of a noncommutative transfer matriz H(z1, ..., 2z,) is a min-

imal noncommutative realization if ¥ is lowest among all the noncommutative realizations

of H(z1,...,2p).

In the similar way, we define the realization and exact order reduction of n-D systems

in the Roesser model in the noncommutative setting.

Definition 6.4 (The Roesser Model Realization in the Noncommutative Setting). For
a given formal power series in the form of (6.4) if there are matrices A, B C and D in

(8.12) such that
CoyAvoBay =H (w), (6.10a)
D =H(e), (6.10D)

for all w = aqag...q = aqv € F,I, the Roesser model (A, B,C, D;r) is said to be a

realization of (6.4) in the noncommutative setting.

Definition 6.5 (Exact Order Reduction of the Roesser Model in the Noncommutative
Setting). The ezxact order reduction to be considered for Roesser state-space models in the

noncommutative setting can be stated as follows: for a given Roesser state-space model

(A, B,C, D;r), find another Roesser model (A,B’, C, D; 7) such that
CoyAvsBay, =CoyAvBay (6.11a)
i< (6.11b)

for allw = . ..ap € FF, with A, defined in (6.3) and 2% defined in (6.5).

n’

Definition 6.6 (Minimal Roesser Model Realization in the Noncommutative Setting).
An n-D Roesser model (A, B,C, D; 7) of a noncommutative transfer matriz H(z1, ..., zy)
1s a minimal noncommutative realization if © is lowest among all the noncommutative

realizations of H(z1,...,2n).

Remark 6.1. It should be noted that the realization and exact order reduction in the
noncommutative setting are just a special cases for gemeral setting, which will also be

discussed in the next chapter.
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6.2 Necessary and Sufficient Conditions for the Existence
of Common Invariant Subspace

In this section, a necessary and sufficient condition for the existence of common in-
variant subspace is proposed, which plays an important roll in the derivation of the main
results for exact order reduction of the n-D F-M models and n-D Roesser models and also
provides a way to compute a common invariant subspace. To this end, we introduced the

following notations.

Notation 6.5. For given sets A = {Ay,..., A} and C ={C4,...,C,} with A; € R™*"
and C; € RP*" | the matrices Ny, ;(A; C) and Ni(A; C) are defined as

Nii(A; C) ENj 1 A, (6.12a)
Ni1(A;C) Nie_1(A;C) Ay

Ni(4;0) = Nk’Q(é;C) = Nk*l(é;C)AQ e RPTIXT (6.12b)
Niwl4:0) | [ Nisa(4:0)4,

with N1;(A;C) =C; andr =11+ ...ry.
To illustrate this definition, see the following example.

Example 6.1. For n = 2, one obtains:

N1(A;C) =C1, Ni1(A;C) = Cy, NI(A;C):[CH}’

Co
CA,
Noi(A;C) =CA1,  Naa(A;C) =CAz, No(A;C) = 0|
2
(6.13)
CA2
[ caz o [CA A e |CA2A
Naa(ai €)= | o | Mataio)= |G| maaion= |G
CA2
with
O [CJ ' (6.14)

Definition 6.7. For given sets A = {A1,..., A}, B={Bi1,...,By} andC = {C4,...,Cy},
with Aq,..., A, e R, B; e R™9, and C; € RP*", i =1,...,n, the matriz Oy ;(A; C),
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Ok(A; C), Ri(A; C) and Ri(A; C) are defined as:

_./\/‘17,‘(A; C)
Ori(A;C) = : : (6.15a)
| Nei(4;C)
[N1(A;C)
Ox(A;C) = : : (6.15D)
_Nk(A; C)
N(AB)] "
Rpi(A;B) = : , (6.15¢)
_ngi(A;B)
N (4;B)]"
RE(A;B) = : (6.15d)
| N (A; B)
Example 6.2. For n = 2, one obtains:
SRR
A
@ s gA;
O0ua,0)=| G4 | om0 =] C | ogac)=| car |,
’ CAl CA A, C A A
CAsA, CAyA, P Ai A;
CcA3 | (6.16)
R31(A,B)=| By AiB A}B A;A;B |,
Rg,Q(A,B) = [ BQ AQB AQAlB AQAQB ] s
R3(A,B)=[ B AB AB A}B AiA:B A, AB A3B ],
with
C1
C:[CQ], B =B By]. (6.17)

Notation 6.6 (Lexicographic Ordering). Recall that n 2 {1,...,n}. We define a lexico-

graphic ordering < on the set Fn as follows. For any vi,v1 € Fn with vy = a1 a2 ... oy,
and ve = P1 B2 ... B, v1 < vy if either |v1| < |val, d.e., l1 =12 or 0 < |v1| = |v2|, v1 # vo
and for some k € {1,...,|v1|}, ap < B with the usual ordering of integers and co; = 5;

fori=1,....k—1. Note that < is a complete ordering and

fn = {1}1, v, .. .}, (618)
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with v1 < vy < .... Note that vi =€ and for all0 <i € N, k€ {1,...,n}, v; <v; k.
Example 6.3. For n =3, we have
F3 = { €, V1, V2, V3, V4, Us, Ve, U7, Vg, V9, V10, V11, V12, V13, V14, }
={e 1,2 3, 11,12, 13, 21, 2 2, 23, 31, 32, 33, ... }. (6.19)

Now, we have the following main results.

Theorem 6.1. Matrices A1,...,An € R™" have a common right invariant subspace W
such that

Cw =0, (6.20a)

0 <dim(W) =7, (6.20D)

for allw € W with C; € RP*" i =1,...,n, if and only if the infinite matriz O (A; C)

1s rank deficient. Moreover,
W = ker O (A;C). (6.21)

Proof. (Sufficiency.) Suppose that matrices A;,..., 4, € R™" have a common right
invariant subspace W such that (6.20) holds. Let {w,...,w;} be any basis of W and set

W=[w .. wp]. (6.22)
In view of the definition of common invariant subspace, we have that
Ox(A;C)W =0, (6.23)
which imply that the rank deficiency of
Oxo(A; C). (6.24)
(Sufficiency.) Suppose the matrix O (A; C) is rank deficient. Let

W £ span{wy, ..., w;} £ ker O5(A; C). (6.25)
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We find that for any w € W,
Cw=0:(A;C)w =0, (6.26)
and
Ox(A;C)A;w =0,i=1,...,n, (6.27)

which indicates that A;w € W. Thus, W is a common right invariant subspace of

Aq,..., A, such that Cw = 0 for all w € W. O

Theorem 6.2. Matrices Aq,..., A, € R™" have a common right invariant subspace W

such that (6.20) holds if and only if the finite matriz O,(A; C) is rank deficient. Moreover,
W =ker O,(A; C). (6.28)

Proof. The proof can be completed by Theorem 6.1 and the following Lemma. O

Lemma 6.1. The infinite matriz Ox(A; C) with A; e R™*", i =1,...,n and C; € RPI*",
i1 =1,...,n, is rank deficient if and only the finite matriz O,.(A; C) is rank deficient.

Proof. Omitted. O

Dually, the results on the common left invariant subspace can be obtained.

Theorem 6.3. Matrices Aq,..., A, € R™" have a common left invariant subspace W
such that

wlTB; =0, (6.29a)

0 < dim(W) =7, (6.29b)

for all w € W with B; €€ R"™% if and only if the infinite matric Ox(A; B) is rank

deficient. Moreover,

W =ker OL (A; B). (6.30)
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Theorem 6.4. Matrices Ay, ..., A, € R™" have a common left invariant subspace W
such that such that (6.29) holds true if and only the finite matriz R,(A; B) is rank defi-

cient. Moreover,
W =kerR; (A; B). (6.31)

The proofs of Theorems 6.3 and 6.4 can be done in a similar way to the ones of

Theorems 6.1 and 6.2, respectively. Thus the details are omitted here for brevity.

6.3 Reduction of the F-M model with Common Invariant
Subspace

In this section, a new order reduction approach for the n-D F-M model based on
common invariant subspace will be proposed. Next, a basic procedure will be given to

exactly reduce the order of the n-D F-M model.

Theorem 6.5. For a given n-D F-M model (A, B,C, D, ), if the state matrices Ay, ..., A,

have a common right invariant subspace ¥V with a basis {vi,..., v} satisfying
Cv, =0, k=1,...,7, (6.32a)
0 <7, (6.32D)
or if the state matrices A1, ..., A, have a common left invariant subspace W with a basis
{w1,...,wi} satisfying
w'B, =0, k=1,...,n (6.33a)
0 <7, (6.33D)

then the given n-D F-M model is reducible.

Proof. Suppose that Aj,..., A, have a common right invariant subspace W such that
(6.32) holds. (The proof for the common left invariant subspace V satisfying (6.32) is

essentially the same, and therefore is not presented.)
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Select any r — 7 linearly independent vectors vs41,...,v, such that the matrix
Té[vl v UF | Upgq 00 'an]é[Tl‘TQ} (6.34)

is nonsingular. Let

L2 [ Ly ] &1 (6.35)

Lo
with L; € R™" and Ly € RO Since V with a basis {v1,...,v7} is a common
right invariant subspace of Aq,..., A,, we have that A;v; can be expressed as a linear

combination of vectors vy, ..., vs.

Therefore, there exist matrices A; 1, A;3 and A; 4 such that

AZT:AZ[UI .. ,Uf‘vFJrl “ee ,UT‘:|
=[ Av1 - Awr | Avia - A, |
—[v v~‘v~ o ] Air Ao
- 1 i3 7+1 r 0 Az’74
| Ain | Aip
=T [ 0 | A, ] ; (6.36)
and then
LA, T =T 'AT
| Ain A
_ [ o } , (6.37)
with
Ain =L1A; Ry, (6.38a)
Aip =L1A;A; Ry, (6.38b)
Ajg =LoA;Rs. (6.38c¢)

It follows from (6.35) that

LB; = [ L ]Bi = [ LlB? } 2 { Bia } : (6.39)
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n -1 n
=1 i=1

n n -1 n
Z zZLBZ> =CT <Ir - ZziLAiT> (Z ziLBZ)
=1 =1
- A1 A
=[0 Gz ] <IT_ -~ [ 0 Ay }

_ [ ziAin 2z Ais
=[0 01,2]<IT—4 1[ o
3

Therefore, we have

e

=CT (Ir - Zn:z 1AL~ )
1=1

n -1 n
=C12 (If - Z ZiA1,4> (Z ZiBi,2> ) (6.40)
i—1

i=1

and 7 = r — 7 < r. That is to say, we have obtained a new low-order n-D F-M model

O]

Remark 6.2. For given n-D F-M model (A, B,C, D;r), if the state matrices Ay, ..., A,
have a common left invariant subspace W with a basis {w1, ..., w;} satisfying (6.33), then

one selects any linearly independent vectors w41, ..., w, such that the matrix

T ;UIL :[Tl} (6.41)

18 nonsingular.

Setting
RE2[R Ry | 2T, (6.42)

it can be verified that the given n-D Roesser model can be exactly reduced to the new n-D
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F-M model (A,B,C’; 7) with

A; = ThbA;Ry, B;=TyB;, C=C19=CR,. (6.43)

We now state and prove the necessity condition.

Theorem 6.6. For a given n-D F-M model (A, B,C,D,r), if there is a reduced F-M
model (A,B,C’,f),f), then there is a common left invariant subspace V of Aq,..., A,

satisfying
vI'B; =0, k=1,....,n, (6.44a)
0 <dim(V) =7 <, (6.44Db)
for every v €V, or there is a common right invariant subspace W satisfying
Cw =0, (6.45a)
0 < dim(W) =7, (6.45b)
for every w € W.

Proof. Suppose that there is a reduced F-M model (A, B,C,D, 7) for the given n-D F-M
model (A, B,C,D,r), but there is no common left invariant subspace V of Aj,..., A,
satisfying and there is no common right invariant subspace V satisfying for every w € W.

Then, with

B£[B1 ... By, (6.46a)
B2[B B.], (6.46b)
C £{C1,0s,...,0}, (6.46¢)
Cy2.. . 2C, 2R, (6.46d)
C2{C,C,...,Ch}, (6.46¢)

Cy2...C, 2R (6.46f)
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we have
0,(A;C)R.(A; B)
[ CA,,B CA,,B CAB
CA,B CA,B CA,
= ’ : .Hl (6.47)
| CA,B CA,_ B . CAy, B |
[ CA,B CA,B CAB
CALB  CALB A, B
| CA,B CA,,, b CAy, B |
=0,(A1,...,4,;C), R.(A; B), (6.48)
and then
rank (O,(A; C)R,(A; B))
—rank ((’)r(fll, o A OYR(A B)) , (6.49)
where [ = Zle n"~1. Since there is no common left invariant subspace V of Ay,..., A,

satisfying (6.44) and there is no common right invariant subspace V satisfying (6.44) for

every w € W, we have
rank (O, (41,...,4,;C)) =r,
rank (R,(A; B)) =r,
and then

rank (O, (A; C)R,(A; B)) =r.

Noting that the number of columns and the number of rows of Or(Al, .

R,(A, B) are the same 7, we have

(6.50a)

(6.50D)

(6.52a)

(6.52b)
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In view of (6.49) and (6.52), we have

rank (O,(A; C)R,.(A; B))

—rank ((’)r(fll, , Ap; O)R.(A; B))
<{rank (or(/h, o A é)) , rank (RT(A; B))} <7 (6.53a)
which is a contradiction, since rank (O, (A; C)R,(A; B)) = r. O

Now, two basic procedures for exactly reducing the order of a given F-M model can

be given based common right invariant subspace and left invariant subspace, respectively.

Procedure 6.1: Exact Order Reduction of an n-D F-M Model Using a Common
Right Invariant Subspace

Input : A given n-D F-M model (A, B,C, D;r);
Output: A reduced-order n-D F-M model (A, B.C,D: 7);

1 Step 1: Find a common right invariant subspace V of Ay, ..., A, with basis
vectors vy, - -+ , vj satisfying (6.32);

2 Step 2: Construct a nonsingular matrix 7" in the form of (6.34) and setting L in
the form of (6.35);

3 Step &: Obtain a reduced-order F-M model (A, B.C, D; 7) by

~

A; =LyA;Ro, (6.54)
B; =Ly B, (6.55)
C =CRy, (6.56)

with T in (6.34) and Ry in (6.35) ;
4 return (A,B,C’,D;f).

Two examples will be given below to illustrate the details and effectiveness of the

proposed exact order reduction approach.
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Procedure 6.2: Exact Order Reduction of an n-D F-M Model Using a Common
Left Invariant subspace

Input : A given n-D F-M model (A, B, C, D; r);
Output: A reduced-order n-D F-M model (A, B,C, D;7);

1 Step 1: Find a common Left invariant subspace W of A4, ..., A, with basis
vectors wy, - - - , wy satisfying (6.33);

2 Step 2: Construct a nonsingular matrix 7" in the form of (6.41) and compute
setting R in the form (6.42);

3 Step 3: Obtain a reduced-order F-M model (A,B, C, D; 7) by

A; =Ty A; Ry, (6.57a)
B; =T, By, (6.57h)
C =CR,, (6.57¢)

with 75 in (6.41) and Rz in (6.42) ;
4 return (A,B,C’,ﬁ;f).

Example 6.4. Consider the 2-D F-M model with order 4:

10 2 0 1 230
0-1-2 2 1 —10 -2
A1_123—3’A2_—1212’
01 3 1 0 121
[—1 -1 (6.58)
-1 2
Bl_ 1 ) B2_ 2 )
-1 -1

C=[1-1-20], D=0.

Step 1: For the matrices Ay, As, there exists a common left invariant subspace V with
basis vectors
-1

vy = (6.59)

O R = O
_ o O

such that v} B; =0, k=1,2, 1 =1,2.
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Step 2: Construct the nonsingular matriz

0110<_1;1F

-1 0 0 1| o]

T =
1 0 00
0 1 0O
| T
=7 |
and compute
0 0|1 O
=110 0[]0 1
R=T"= 1 0/]0 —1
0O 111 0
:[Rl Rg].

Step III: By (6.57a), one can obtain the lower-order F-M model:
p 1 -2 P 1 -1
=l 7)o w50

- [3)

C=[11], D=o.

By

Il
| —
[
—_ =
| I
>

113

(6.60)

(6.61)

(6.62)

It is seen that the order of the new obtained F-M model (6.58) is 2, which is lower than

the order of 4 for the given one.

Remark 6.3. It can be confirmed that the 2-D F-M model (6.58) cannot be reduced by

the common left eigenvector approach in Section 5.1.

6.4 Reduction of the Roesser model with Common Invari-

ant Subspace

In the previous section, a necessary and sufficient reducibility condition has been given

for n-D F-M models based on common invariant subspace. In this section, we extend this

result to n-D Roesser models.
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Theorem 6.7. For a given n-D Roesser model (A, B,C,D,r), if

i) the matrices Aci, ..., Aen have a common right invariant subspace V with a basis

{v1,...,v;} satisfying

Cevry =0, i=1,....,n, k=1,...,7, (6.63a)

0 <7 (6.63D)

ii) or the matrices Ay1, ..., Awm have a common left invariant subspace W with a basis
{w1,...,w;i} satisfying

w'B, =0, k=1,...,n, (6.64a)

0 <7; (6.64b)

then the given n-D Roesser model is reducible.

Proof. We provide only the proof for i). The proof for ii) is is similar.
Select any linearly independent vectors p; 1,...,p; € R, i =1,...,n, such that the

matrix

i o Mis | | a0 Mg, J=[R R (6.65)

T:[ By i

is is nonsingular (invertible). Then, partition 7! as

T-t2& [ é } (6.66)

with L € R™" and L € R™*".
Due to i) of Theorem 6.7, we have that Acpy, ¢ = 1,...,n, k = 1,...,7, can be

expressed as a linear combination of the vectors pq, ..., pus. Thus,
AT
=Aci [ K1 oo Mp | B1a 0 Mgy 1 T 1 HBpi 0 Mg, }
= [ Aciﬂl oo Aci#’i ‘ Acil"'l,l e Aciul,fl : T : Acilj’n,l T Acil"’n,fn ]
i i Aci Aci:|
=[ o me B B Mg, -
[ v ) [

7 [Aﬂﬂ (6.67)
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for some 7 X 7 matrix [lci and
A= LAGR e R™" Ay =LA4R € R™7 (6.68)

with # = 71 + ...+ %, <r. By the definitions of u, , and R, we have

ZR = [y 21 ... iy 5,21 - fly1%n -+ By Zn] = RZ (6.69)

with Z = diag{z11;,, ..., 21z, }. In view of (6.67) and (6.69), we obtain

n n n ~ n -
_ _ _ w1 Acizi D Acizi
T 'AzT =T7! E Az | T = E T 1A Tz — szl cLe1 i=141ci%i
(il cz%) < cid 24 |: 0 Z?ZIACZ'ZZ'

:[ Sy Az LAZR } _ { >y Az LARZ } _ (6.70)

0 LAZR 0 LARZ

It follows from (6.63a) that for every ¢ € {1,...,n},

CeiT =] Ceipty - Ceitti | Ceittyy -+ Coitbygy i+ Ceitbny -+ Coibbn s, |
=[0 ... 0| Cepy - Coiptrs, -+ Ceittny -+ Coeibbnys, |
=[0]Ce |

with Ce; = Ce; R € RPX7. Thus,
CZT= (Zcz> T=[0 Y0 Cuz|=[0 CZR]=[0 CRZ]. (6.71)
=
We see from (6.70) and (6.71) that
CZ(I, — AZ)"'B=CZTT (I, - AZ)"'TT™'B
—(©2T)( I, =T AZT )~ (T7'B)
(6.72)

nooA L _J 5 -1 =
=[0 CORZ ] I =30 Aczi  —LARZ } [LB}

0 I, — LARZ LB

—CRZ (I - LARZ )" LB.

That is to say, we have obtained a new n-D Roesser model
(A,B,C,D,#) 2 (LAR, LB,CR, D;#)

with order 7 < 7. O
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Theorem 6.8. For a given n-D Roesser model (A, B,C, D, r), if there is a low-order n-D
(fl, B, C’, D, #) such that they both have the same noncommutative transfer matriz, then

i) the matrices Aci, ..., Acn have a common right invariant subspace V with a basis

{v1,...,v;} satisfying

Cevp =0, i=1,....,n, k=1,...,7, (6.73a)
0 <7 (6.73Db)
ii) or the matrices Ay1, ..., Awm have a common left invariant subspace W with a basis

{w1,...,w;i} satisfying
w'B, =0, k=1,...,n, (6.74a)

0 < (6.74b)

then the given n-D Roesser model is reducible.

The proof is similar to the one for Theorem 6.6, and thus is omitted.
In what follows, a procedure to obtain a reduced n-D Roesser model is given based on

common right invariant subspace.

Procedure 6.3: Exact Order Reduction of an n-D Roesser Model Using a Common
Rigth Invariant subspace

Input : A given n-D Roesser model (A, B,C, D;r);

Output: A reduced Roesser model (fl, B,C, D; 7);

1 Step 1: Select vectors p; 1,..., ;7 € R to construct a nonsingular matrix 7" in
the form of (6.65);

2 Step 2: Extract R and L from T of (6.65) and T~ of (6.66), respectivley;
3 Step 3: Obtain a reduced Roesser model (fl, B,C, D; 7):

AL LAR, B2 LB, C 2 CR; (6.75)

4 return (A,B,C’,D;f‘) £ (A,B,C,D;r),

Remark 6.4. Due to the duality of the common right common invariant subspace and

common left common invariant subspace, the procedure to obtain a reduced n-D Roesser
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model based on a common left common invariant subsapce can be done as follows. For a
given n-D Roesser model (A, B,C, D;r) if the matrices Ay1, ..., Aw have a common left

invariant subspace W with a basis
{wl, cee ,wf} (676)

such that (6.63) holds true, the matrices AY,..., AL have a common right invariant

subspace W with a basis in (6.76) such that
Bl w =0; (6.77a)
0<# (6.77b)
This shows that the n-D Roesser model (A,B,CN',[);F) 2 (AT, BT . CT,DT:7) can be re-
duced. Then, by applying Procedure 5.2 to the n-D Roesser model (121, B, C’, D; T), one can

obtain a reduced Roesser model (fl, B,C, D; 7). Finally, one can obtain a reduced Roesser

~ A A 2T 2 S 2
model (A, B,C,D,#) = (A ,BY, CT,DT;#) for the given Roesser model (A, B,C, D;r).
In view of Theorems 6.4 and 6.8, one can obtain the following result.

Theorem 6.9. For a given n-D Roesser model (A, B,C, D;r), and suppose R,(A;, By)
and O,(Ae, C.) are associated r-step reachability matriz and observability matriz, respec-

tively. Then, the n-D Roesser model (A, B,C, D;r) is a minimal noncommutative Roesser

model if and only if rank(R,)(ARr, Ar) = r and rank (O, (Ac,Cc)) =r.

Next, it will be shown that the minimal noncommutative Roesser model are tightly

connected. To this end, we need the notion of structured similarity transformation matrix.

Definition 6.8. [31, 34] The structured similarity transformation matriz T for an n-D

Roesser state-space model (A, B,C, D;r) is defined in the form of
T 2 diag{T11,...,Tnn} (6.78)

where each T;; € C™*" is nonsingular.

Given an n-D Roesser state-space model (A, B,C, D;r) and any T in the form of
(6.78), it can be verified that

(CTZ) (I -T ATZ) " (T7'B)+ D = (CZ)(I — AZ)""(B) + D. (6.79)
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Therefore, for any n-D Roesser model (A, B, C, D;r) and any T in the form of (6.78), an e-
quivalent n-D Roesser model can be obtained by (fl, B.C, D; 7) = (T7YAT, T-'B,CT, D;r).
The n-D Roesser state-space model (/Nl, B,C, D;#) is said to be obtained by a structure
similarity transformation from the n-D Roesser model (A, B,C, D;r). Then, we have the
following results.

We have the following results.

Lemma 6.2. Two n-D Roesser state-space models (A, B,C, D;r) and (A, B,C, D;) are
minimal noncommutative realizations of a same moncommutative transfer matrix, i.e.,

(CwAyBy) = (CpwAywBy) (6.80)
for any w =iyiz...4 € F,, if and only if these two n-D Roesser models are related by
(A,B,C,D;7) = (I *AT,T7'B,CT, D;r) (6.81)

where T is any structured similarity transformation matriz for the n-D Roesser state-space

model (A, B,C, D;r).

Proof. The proof of the necessary part is similar to that of the necessary part for Theorem
8.10 on page 320 in [88] and thus is omitted here. We only give the proof of the sufficient
part. Note that

TriAT - T AT,
A=T"'AT = : : : (6.82a)
TinAnaTiy .. Tyt AnnTon
Ti{ B
B=T"'B= : : (6.82b)
T Bn
C=CT=[CTyy ... CiTun . (6.82c)

Then, for any w = i1is .. .14, we have

(éwAwa)
:(CizTil,iz)((Til Aimquilfl,iza) s (T‘il‘ Ai27i1Ti1,i1))(T‘71‘ Bi1)

11,0 12,12 11,01

:Ciz (Ailyil—lAilflvilf2 e AiQ,il)Bh = (CwAwa) (6'83)
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O

Lemma 6.3. If an n-D Roesser state-space model (/NL B.C, D;#) can be obtained in the

form of
Al,l . Al,n Bl
A éT_lAT - : . ’ B é T_lB == . )
At oo Ann B, (6.84)
C2CT = [ él én ] )
with
~. P Al’] Al,j,z "" o BZ ~ . N -
Aij = |: 0 1212'@4 ]  Bi= [ 0 } o Ce= [ (Ck)  (Ckp) ] . (6.85)

and i,k = 1,...,n from a given n-D Roesser state-space model (A, B,C, D;r) by appro-
priate structured similarity transformations. Then, the two Roesser models (fl, B , C , D; 7)

and (A, B,C, D;r) satisfy the relation (6.11a), where

A171 . Al,n B,
: : , B= , C= [ 4

A~ A~ ~

A1 ... Ann B,

Co . (6.86)

Proof. Noting that structured similar transformations do not change the noncommutative

transfer matrix of systems, we than have for any w = ajas ... aq € Fyf,

By = Coy (Auar s+ A ) By

71,1 1,2 1,1 71,2 ~
— [él 6«2 ] Aalualfl {1011,04171 o Aa2,0<1 {1a2701 Bél
o 0 Al 0 Al L0

=Gy, (Aam_l N .AQWJ Ba,, (6.87)

Cal AwBal - éaljlw

with w = ajag...q € F[I, A, defined in (6.3) and z* defined in (6.5). Noting also

M+ ...Pp<F14+...T, =71+ ...7Tn, and thus 7 < r. ]

6.5 Contribution Summary

Necessary and sufficient conditions have been established for existence of common in-

variant subspace of multiple matrices. Based on these results, new necessary and sufficient
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conditions for the minimal state-space models realization of n-D systems in the sense of
non-commutation have been developed. Moreover, basic procedures have been presented
for exactly reducing the n-D F-M mode and the Roesser model, respectively. It has been
shown that the new approach can be applied even to those systems for which the existing
approach based on eigenvalues cannot do any further exact order reduction on them.
Examples have been given to illustrate the details and effectiveness of the proposed the

common invariant subspace.



Chapter 7

Further Exact Order Reduction

In the proceeding chapter, it has been shown that one can exactly reduce a given n-
D Roesser model to a minimal noncommutative realization based on common invariant
subspace. However, an general n-D Roesser model is a minimal noncommutative Roesser
model does not mean that it is a minimal general n-D Roesser model. This chapter is
to further study the exact order reduction of n-D Roesser model based on equivalence.
Specifically, two types of transformations to obtain equivalent realizations are established
for the Roesser model. It turns out that applying the these transformations can convert a
given minimal n-D Roesser model in noncommutative setting to another Rosser model with
different noncommutative transfer matrices and then the newly obtained Roesser model
may be reduced again by applying the common invariant subspace approach. Based on
this fact, a novel reduction procedure is presented, which repeatedly applies the common
invariant subspace approach to generate minimal Roesser model realization in the noncom-
mutative setting and the two equivalent transformations to obtain another Roesser model
with different noncommutative transfer function matrices, such that an n-D Roesser model
with order as low as possible can be obtained.

This Chapter is organized as follows. Section 7.1 provides motivation on our further
study. In Section 7.2, a new basic reduce procedure to further exactly reduce Roesser
models is presented by using two types of transformations: non-structured similar trans-
formation and general transformation. Section 7.3 describes the similar transformation,
while the general transformation is given in 7.4. Some main proofs are given in Section

7.6. Finally, conclusions are given in section 7.7.

121
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7.1 Motivation

To intuitively expose that the minimality in the noncommutative case does not mean
the minimality in the general commutative Roesser model, let us consider the following

simple example.

Example 7.1. Consider the 2-D Roesser state-space model (A, B,C, D;F):

- - 1 1|0 - 1
A:[%M glﬁz]: 01[1], Bz{gl]z 01,
2,1 A22 0112 2 1 (7.1)
C=[C1 Cy]=[11|0], D=0,
which is the realizations of
—2122 + 21
H = . 7.2
(21’22) 2129 — 21 — 2290 + 1 ( )
For the 2-D Roesser state-space model (A, B,C, D;¥), we have
110 - 000
- A1 0oy = [ 022 A1 |
ACl_[l 0 =101|0], ACQ—O I =100|1]|,
2,1 011 0100 1,2 A22 000 (7.3)
Ca=[C1 011 |=[11]0], Co=[012 Cy]=]00]0],
and
110 0010
= A A = A Agp
1 i A 01|11, Asg= 0 0 00|01,
2,1 A22 0000 1,2 O11 0102
1 0
Ba=| ot | =|0]. Ba=| %] =|0]. (7.4
1,1 0 2 T
One can compute
i Ca 1 1 1|07 i Cos 1 [0 0]07
C7(:1121(:1 1 2 0 C7c112102 O 0 1
- CepAa 0 00 - oA 0 00
03,1(AC7CC): QCIA_C14C1 =|1 3|0 5 OB,Z(ACaCc): QC14C14C2 =100(2]|. (7 5)
QC24C14C1 0 0]0 Qc24014c2 0 0{0
Q01402401 01|0 Q014c2402 002
_Cc2Ac2Ac1 ] _0 0 0_ _CCQACQACQ_ _O 0 0_
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111{0(1]1}(0|0
=lolol1|o|1]o|2],
0j0|j0|j0|10|0|O
o L (7.6)
7—\)‘3 Q(Ar,Br):[BrZ Ar2Br1 ArQBrQ ArZArlBrl ArQArlBrQ ArQArZBrl ArZArZBr2 ]
0000|0010
0/0[010]0|0]O0
1/0(2]0(1]0]|4
One can verify that
rank (R37i(Ar;Br)) = rank (Ogvi(Ac;Cc)) =7, 1=1,2. (7.7)

Therefore, by Theorem 6.9 we have that the 2-D Roesser model (A, B,C, D;#) in (7.1) is
a minimal noncommutative Roesser model and cannot be further reduced by the common
mwvariant subspace approach.

However, there is a lower-order 2-D Roesser state-space model (A, B.C, D; T)
Hlaa-bel e R -
A — < <« = s B = o = |—],
[A2,1 Az 12 By 0 (7.8)

having the same transfer function with that of the 2-D Roesser state-space model (A, B, C,
D;7) in (7.1). Therefore the minimal noncommutative realization does not mean the
minimal realization in the commutative setting.

Moreover, it is well known that the minimal state-space realization of n-D systems is
an extremely difficult problem, and, for a general n-D system, we even have neither any
(necessary and sufficient) condition for the existence of an absolutely minimal realization
nor any condition to test whether or not a non-absolutely-minimal realization is minimal
(or relatively minimal) [11,32, 51].

The motivation of our research is to furtehr study the exact order reduction of the n-D
Roesser models by equivalent transformation, which can transform one minimal noncom-
mutative Roesser model to other Roesser model with different noncommutative transfer

function matrices but with the same transfer matrix in commutative setting.
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7.2 Equivalent Realizations

In this section, two types of transformations to obtain equivalent realizations for n-D
Roesser models will be presented to convert an n-D Roesser model to another one such
that they both have different noncommutative transfer function matrices but have the
same transfer matrix in commutative setting. With these transformations, a new exact
order reduction approach for n-D Roesser models will be proposed and a basic exact order
reduction procedure will be given.

For n-D Roesser models, the equivalence is defined as follows.

Definition 7.1. Two realizations (A, B,C, D;¥) and (A, B,C, D;r) are equivalent if

CZ(I. —AZ) 'B+D=0CZ(I,— AZ)"'B+ D. (7.9)

Note that the n-D Roesser state-space model (A, B,C, D;r) and (A, B, C, D;r) may

be with possibly different dimensions, i.e., 7; # r; for some i € {1,...,n}.
7.2.1 Non-Structured Similarity Transformations

The non-structured similarity transformations are defined as follows.

Definition 7.2. For an n-D Roesser state-space model (A, B, C, D;¥), the non-structured

similarity transformation matriz P is a nonsingular matriz

Py - Py

P= P , (7.10)
Pnl Pnn

) )

with P;; € R™*"7 s not all zero matriz for i # j and i,j € n such that the n-D Roesser

models (A, B,C, D;r) and (A, B,C, D;¥) have the following relation
CZ(I-AZ)B+ D =C(I — AZ)B + D, (7.11)

where (A, B,C,D;r) 2 (P~YAP,P~'B,CP, D;¥). Then-D Roesser model (A, B,C, D;r)
s said to be obtained by a non-structure similarity transformation from the n-D Roesser

model (A, B,C, D;F).

The following example is given to show that an equivalent realization can be obtained

from a given n-D Roesser model by a non-structure similarity transformation matrix.
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Example 7.2. Consider the minimal noncommutative 2-D Roesser model realization

(A,B,C,D;(2,1)) in (7.1). Using a non-structure similarity transformation matriz

1 0|0
]2001, (7.12)
0 1]1

OO =

0]1 1
11, B:[Bl}: 1],
1]2 0 (7.13)
C=[C1 C]=[10[1], D=0,

such that the n-D Roesser state-space models (A, B,C, D;r) and (A, B,C, D; ) have the
same transfer matriz H(z1,22) in (7.2). Note that Py = [0 1] of P in (7.12) is not
a zero matriz, then the matrix P is a non-structured similarity transformation matriz for
the 2-D Roesser state-space model (A, B,C,D;¥) in (7.1). And the 2-D Roesser state-
space model (A, B,C,D;r) in (7.13) is said to be obtained by a non-structure similarity
transformation matriz P in (7.12) from the 2-D Roesser model (A, B,C, D;¥) in (7.1).

It should be noted that the relationship in (7.11) may not hold for an n-D Roesser
model (A, B,C,D;r) = (T~'AT, T~'B,CT, D;¥) obtained by any nonsingular matrix P
from any n-D Roesser model (A, B, C, D;#). To intuitively show this fact, let us consider

the following simple example.

Example 7.3. Consider again the minimal noncommutative 2-D Roesser model realiza-

tion (A, B,C,D;¥) in (7.1) of H(z1,22) in (7.2) and choose a nonsingular matriz

p_ { Pii Pio

1 01
=10 0|1 ]. 7.14
Py Popo ] 0 111 (7.14)

Now, by the nonsingular matrix P in (7.14), one can get a new 2-D Roesser model

(A,B,C,D;r) % (P~YAP,P~'B,CP,D;¥):

0
1|, B=|1|, C=[10]2], D=0, (7.15)
2
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whose transfer matriz,
2 2
_ 25,2 _
H(z1,22) = b (7.16)

21220 — 212 — 32129 + 221 + 229 — 17

is not equal to H(z1, z2) in (7.2).

From Example 7.3, it can be seen that not all nonsingular matrices are able to be
used in the non-structured similarity transformations for any given n-D Roesser models.
In Section 7.3, conditions and the corresponding procedure will be developed that an n-
D Roesser model can be transformed to another equivalent realization by a nonsingular

matrix.

7.2.2 General Transformations

In structured similarity transformations and non-structured similarity transformations,
it is seen that an equivalent realization may be obtained by a nonsingular matrix 7', i.e,
structured similarity matrix or non-structured similarity matrix. However, there are some
equivalent n-D Roesser state-space models in which one cannot be obtained from others by
a nonsingular transformation. To intuitively show this fact, let us consider the following
simple example.

Example 7.4. Consider the minimal noncommutative 2-D Roesser state-space model

(A,B,C,D;(3,2)):

2 0 0 0 -2 2 2
0 1 2 1 2 -6 —4
A=|l0 o 2|0 1|, B=|o0 o0 [,
1 -1 —-1}|-1 0 0 1
(7.17)
0o 0o o0 -3 11
~ [ -1 2 —2]-1 0] 0 0
=11 0 —2|-1 0 D_{o 0}’
and the 2-D Roesser state-space model (A, B,C, D;(2,3))
1 2|0 1 47 -8 —6
0 2|-3 0 2 -1 -1
A=|"0 0|2 0 1|, B=| 1 1 |,
-1 -1 0 -1 0 0 1
1
0 00 0 -2 11 (7.18)
[2 —2|0 -1 0 00
“=lo 2|0 41 0]’ D‘{o 0]’
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with the same total order and different partial orders, which are all the realizations of the

same transfer matriz

hi1 hip ]
H(z1,29) = ' S 7.19
O (719)
with
96212297 4 15421729 + 52217 — 4821297 — 82120 — 282
L 621229 + 42,2 — 621292 — 132129 — 621 + 3292 + 529 + 2
L _42212222 + 9421229 + 36212 — 1521292 — 442129 — 2027 — 3292 — 225
127 621229 + 4212 — 621292 — 132729 — 621 + 3292 + 5zo + 2 ( )
7.20
I 32212292 4 3021720 — 4217 — 162120 — 142120 + 421
21 C 621229 + 4212 — 621292 — 132129 — 621 + 3292 + 5z + 2
L 14212Z22 + 1821222 — 4212 — 21222 —4z129 + 421 — 3222 — 229
2,2=

e 621222 + 4Z12 — 621222 — 132129 — 621 + 3222 + 529 + 2

Assume that there is a nonsingular matrix

t11 ti2 ti3 ti1a t15
to1 too ta23 foa tos

P=t31 t32 t33 t3a t3s5 |, (7.21)
tg1 tao ta3 Taa tas

t51 ts2 ts53 l54 55
such that A= P~'AP,B= P 'B,C =CP.

Then one have the following function

PA— AP =0,
PB—-P=0, (7.22)
C—-CT=0.

However, it can be verified that there is no nonzero solution for the function in (7.21).
This means that the Roesser model (A, B,C, D;r) in (7.18) cannot be obtained from the
Roesser model (A, B,C, D;¥) in (7.17) by a nonsingular transformation, i.e., structured
similarity transformation or non-structured similarity transformation.

Therefore, it is needed to develop general transformations, which are defined as follows.

Definition 7.3. The general transformations are operations that can transform the given
n-D Roesser state-space model (A, B,C, D;¥) to a new n-D Roesser state-space model
(A, B,C, D;r) such that they have the same transfer matriz and the same total order but

different partial orders.
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In Section 7.4, conditions and the corresponding procedure, by which an n-D Roesser
state-space model (A4, B,C, D;¥) can be transformed to a new n-D Roesser model by a

general transformation, will be developed.

7.2.3 Exact Order Reduction Procedure

The following results are developed to show properties of the proposed two types of
transformations, which will lead to an exact order reduction approach for n-D Roesser

models.

Theorem 7.1. If an n-D Roesser state-space model (A, B, C, D;r) is obtained from a min-
imal noncommutative realization (A, B, C, D; ) by a non-structured similarity transforma-
tion or a general transformation, then the n-D Roesser state-space models (A, B,C, D;r)
and (A, B,C,D;#) have the same transfer matriz but different noncommutative transfer

matrices.

Proof. From the definition of non-structured similarity transformation and general trans-
formation, one can see that the n-D Roesser models (A4, B,C, D;r) and (A, B,C, D;¥)
have the same transfer matrix and (A, B, C, D;r) is not obtained from (4, B, C, D; ) by
a structured similarity transformation. Moreover, we know that all the noncommutative
minimal realizations are related by structure similarity transformations. Therefore, the
n-D Roesser state-space models (4, B, C, D;r) and (A, B, C, D;¥) have different noncom-

mutative transfer matrices. O

From Theorem 7.1, we can conclude that if one can transform a given minimal non-
commutative realization (A4, B, C, D; ) to another n-D Roesser model (A, B, C, D;r) by a
non-structured similarity transformation or a general transformation, then the n-D Roess-
er model (A, B,C, D;r) may be not minimal noncommutative realization, since the n-D
Roesser state-space models (A, B,C, D;r) and (A, B,C, D;¥) have different noncommu-
tative transfer matrices. To intuitively show this fact, let us consider the following simple

example.

Example 7.5. Consider the 2-D Roesser model (A, B,C, D;r) in (7.13), which is trans-
formed from the minimal noncommutative 2-D Roesser model realization (A, B,C, D;¥)

in (7.1) by a non-structured similarity matriz P in (7.12). One can compute that for
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the 2-D Roesser state-space model (A, B,C, D;r) its noncommutative multidimensional

reachability matrix is

~ 1101010 ;
CAB)=|1101010 :[J} (7.23)
0101020

it can be verified that rank(R1) =1 < r; = 2. Then, we know that the 2-D Roesser model

(A,B,C,D;(2,1)) in (7.18) is not a minimal noncommutative Roesser model.

From the above discussion, one can conclude that if a minimal noncommutative n-
D Roesser model (A, B,C,D,;r) can be transformed to another n-D Roesser model
(A,B,C,D;7) by a non-structured similarity transformation or a general transforma-
tion, the n-D Roesser model (A, B,C, D;#) does not keep the property of the minimal
noncommutative realization of the original Roesser model, even though the n-D Roesser
model (A4, B,C, D;#) has the same total order with that of Roesser model (4, B, C, D;r),

Then, a basic procedure for reducing the order of a given n-D Roesser state-space

model is given in Procedure 7.1.

Procedure 7.1: Further Exact Order Reduction of an n-D Roesser model
Input : A given n-D Roesser model (A, B, C, D; 11);
Output: A lower-order n-D F-M model (A, B,C, D;7);

1 Step 1: Reduce a given n-D Roesser nﬁm@eli(A, B,C, D;r) to a minimal
noncommutative n-D Roesser model (A, B,C, D, ) ;

2 Step 2: Construct a nonsingular matrix 7" in the form of (6.34) and compute
RE2[R Ry |2T7! (7.24)

with R; € R™*" and Ry € R("<7);

3 Step 3: If the n-D Roesser model (A, B, C, D;r) is not minimal noncommutative
n-D Roesser model, then go to Step 1. Otherwise, quit the exact order reduction
procedure;

4 return the reduced-order Roesser model (A, B,C, D; 7).

In the whole exact order reduction procedure, there are only two key points that need
to be addressed. One is that how to reduce an n-D Roesser model (A, B,C, D;r) to a
minimal noncommutative n-D Roesser model (A, B, C, D;#), which has been addressed

in Section 5.2.2. The other is that how to transform a minimal noncommutative n-D
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Roesser model (A, B,C, D;#) to another n-D Roesser model (A, B,C, D;r) by a non-
structured similarity transformation or a general transformation. In Section 7.3 and 7.4,
conditions and the corresponding procedures will be developed for transforming an n-D
Roesser state-space model (A, B, C, D;#) to a new n-D Roesser model (A, B,C, D;r) by

a non-structured similarity transformation and a general transformation, respectively.

7.3 Non-Structured Similarity Transformation

In this section, a non-structured similarity transformation will be introduced, by which
a new equivalent n-D Roesser model (A, B,C, D;r) can be obtained from a given n-D
Roesser model (A4, B,C, D;r) such that (A, B, C, D;r) and have the same transfer matrix

but different noncommutative transfer matrices.

Theorem 7.2. For a given n-D Roesser state-space model (A, B,C, D,r), suppose that
there is a pair of indices (&,m) such that

ag; =0 forall j #n,&; (7.25a)
and apy, =0 for all k #n,&; (7.25Db)
and be;j =0 for all j; (7.25¢)
and cpy =0 for all k. (7.25d)
Then, letting
A=T7'AT, B=T7'B, C=CT, (7.26)
with
Lnth | &th
I 0 0 0O
0 v 0 1 0| «<nth
T=10017 00 , (7.27)
01 00 0|«cth
0 0 00 I
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an,n—a¢.¢

we have
agqn 7

and v =
CZ(I,—AZ)'B+D=CZ(I,— AZ)"'B+ D. (7.28)

Remark 7.1. The key point here is that the £th and nth columns of A belong to dif-
ferent blocks A_; in (4.5). Otherwise, T in (7.27) is just a normal structured similar

transformation matrizx.

By Theorem 7.2, it is known that for a given n-D Roesser model (A, B,C, D, ;r), if
the £th row of A and B satisfies the conditions (7.25a) and (7.25¢), respectively; and the
nth column of A and C satisfies the conditions (7.25b) and (7.25d), then one can obtain a
new n-D Roesser model (A, B, C, D;r) by using a non-structured similar transformation
matrix 7" in (7.27) to the given n-D Roesser model. Since the conditions of Theorem 7.2
utilize the row block A;, — and column block A_;,, we can then call this non-structured
similarity transformation obtained by considering the relationship between column block
and row block.

The following example is given to show the effectiveness of Theorem 7.2.

Example 7.6. Consider the 2-D Roesser state-space model of (A, B,C,D;r) of (7.1) in
Ezample 7.1 which is minimal in the non-commutative case, but (£,m) = (2,3) is a pair

according to Theorem 7.2.

7.4 General Transformation

In the previous section, the non-structured similarity transformations have been pro-
posed based on the relationship between a row block and a column block related to different
variables. In this section, the general transformations will be proposed based on the rela-
tion between column (or row) blocks by introducing the well defined n-D system matrix

corresponding n-D Roesser state-space models.

7.4.1 Notion of the n-D System matrix

Let M(p, q) be the class of (r + p) x (r + q) matrices where p and ¢ are fixed integers

and 7 ranges over all positive integers. Then, if M € M(p, q), it can be partitioned as

(7.29)

M= [ My | Mo ]

Moy | Moo
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with M 1 being invertible and Ms > € RP*? and then a map on M can be defined as
R(M) = —Ma 1 My My + M. (7.30)

Then, we have the following result.

Lemma 7.1. Let L and R be matrices of suitable sizes obtained as products of some

elementary matrices and/or elementary rational polynomial matrices, and satisfy

o [f 5] a3

with nonsingular matrix K and N. Then we have
R(M) =R(LMR). (7.32)
Proof. With attention that

LMR

[ KM N KMy N+KDM 5
KMy iN+Ma i N|KMyiN + Moy N+KMio+Msg

(7.33)

then, we have
R(LMR) = — (KM 1N + My N)(KM;1N) Y (KM 1N + KM 5)
+ (KM 1N + My N + KMy g+ M)
= — My M{{ Mo+ My = R(M). (7.34)
O

Definition 7.4. The n-D system matrix M corresponding to an n-D Roesser state-space

model (A, B,C, D;r) can be defined as

M:[I—AZ B]

s D (7.35)

where Z = diag{z11y,, ..., 21, }.

Observing the system matrix M defined in Definition 7.4, the structural properties of
the n-D system matrix for an n-D Roesser model in the form of (7.35) can be found as

follows.
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(a) Each of the diagonal entries except those in D must be a linear 1-D polynomial in

certain z;, i € {1,...,n}, with the constant term being 1;

(b) Each of the nondiagonal entries in the first r columns must be zero or a linear

monomial in certain z;, i € {1,...,n};
(c) Each of the entries in the last ¢ columns must be a constant;
(d) The entries in the same column contain only the same variable z;, i € {1,...,n};
(e) All the first r columns are sorted in the order of z1, ..., z,.

It should be noted that an n-D system matrix M in the form of (7.35) and an n-D
Roesser state-space model (A, B, C, D;r) have a one-to-one relationship. That is, for an
n-D Roesser model (A, B,C, D;r), only one n-D system matrix M in the form of (7.35)
can be obtained; for an n-D system matrix M in the form of (7.35), one can also extract
only one n-D Roesser state-space model. Moreover, the partial order r; of an n-D Roesser
state-space model, i € {1,...,n}, is equal to the number of column vectors with variables
z; in M. Therefore, we can call r; and r the partial order and total order of the n-D
system matrix M, respectively, where r; is equal to the number of column vectors with

variables z; and r =7 + ..., ry,.

Definition 7.5. An n-D pseudo-system matriz M is a polynomial matriz in the form of

- F-AZ B
M_[ o D] (7.36)
where F is a nonsingular matriz, Z = diag{z Ir,,... 2 Iz}, iy € {1,...,n}, © =

Pl o+ T

The structure properties of an n-D pseudo-system matrix M in the form of (7.35) can

be found as follows:

(a) Each of the entries in the first 7 columns must be a linear 1-D polynomial in certain

Zi, 1 € {1,...,n}.
(b) Each of the entries in the last ¢ columns must be a constant;

(c) The entries in the same column contain only the same variable z;, i € {1,...,n}.
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As with the same definition in the n-D system matrix M in (7.35), we can call 7,
and 7, the partial order and total order of an n-D pseudo-system matrix M in (7.36),
respectively, where 7,; is equal to the number of column vectors with variables z; and

Toi =Tol + .o yTon =T.

Lemma 7.2. There is a pair of appropriate matrices L and R in the form of (7.31) which
can transform the n-D pseudo-system matriz M in the form of (7.86) to an n-D system

matriz M in the form of

I—-AZ B
M= [ o7 D] (7.37)
where Z = diag{z11y,,..., 20l }, i = Toi, i=1,...,n.

Proof. Let N be a permutation matrix such that the columns in ZN are sorted in order of
21,...,%n, which gives that NTZN = NZN = Z with Z = diag{z11,,, ..., 2.1, }. Note
that r; = 7y, i« = 1,...,n, where 7,; is the number of column vectors in Z with variable
Z;.

We then construct

. NF-1 0 . N 0
L_[ 0 Ip}’ R_[O Iq} (7.38)

With attention that a permutation matrix N has the properties N = N~! = NT, we have

s ivp | I-NF'AZN NF7'B
M_LMR_{ —~CZN D

I-NF'ANZ NF'B
-CNZ D '
which is an n-D system matrix with A = NF~'AN, B=NF~'B, C =CN.
This means that there is a pair of matrices L and R which can always transform a

pseudo-system matrix M in the form of (7.36) to an n-D system matrix M in the form of

(7.37). 0

7.4.2 Conditions and the Corresponding Procedure for General Trans-
formation

Theorem 7.3. For a given minimal noncommutative n-D Roesser model (A, B,C, D;r)

and its n-D system matriz M in the form of (7.35), if there is a pseudo-system matriz M
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obtained by
M =LMR (7.39)

with L and R in the form of (7.81) such that M and M have the same total order but
different partial orders, then, there is an equivalent n-D Roesser model (A, B,C, D;r)
corresponding to (A, B,C, D;r). Here, Roesser models (A, B,C, D;r) and (A, B,C, D;r)

have the same transfer matriz but different noncommutative transfer matrices.

Proof. By Lemma 7.2, one can see that the pseudo-system matrix M in (7.36) can be
transformed to an n-D system matrix M in the form of (7.37) and have a relationship

that
R(M)=R(M)=CZ(I - AZ)"'B+D (7.40)

with Z = diag{z11y,, ..., 2n1r, }, i = Tois 1 =1,...,n.
Note that M is obtained from the n-D system matrix M in (7.31) corresponding to
the given n-D Roesser model (A, B, C, D;r) and they have a relationship that

CZ(I —AZ) 'B+ D =R(M) =R(M) (7.41)

with 7,; 75 T, 1€ {1, ce ,n}.
Using equations (7.40) and (7.41), we have

CZ(I-AZ)'B+D=CZ(I-AZ)"'B+ D, (7.42)

and then the Roesser state-space model (A, B, C, D;r) is equivalent to the given Roesser
state-space model (A, B,C, D;r).
From r; # ry, i € {1,...,n}, it can be inferred that the Roesser models (4, B,C, D;r)

and (A, B, C, D;r) have different noncommutative transfer matrices. O
Assume that \; is one eigenvalues of matrix A;;, i € {1,...,n}. Define
A_iy — My B | —E_j, 0
Ne = C;;l A(_)Z-2 Ay, —O/\ilE_il ’ (7.43)

0 C; Ci
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and
Ai— — M\, Ei,_ By 0 0
N, & Iy 0 Ajy By, |, (7.44)
0 0 A, —M\,Ei,_ By

where A_;,, A_i,, Ci,, Ciy, Ai—, Ai,—, B;, and B;, are defined in (4.5).

Lemma 7.3. For the matriz N. defined in (7.43) of a given minimal noncommutative

n-D Roesser model (A, B,C, D;r), if there is a nonzero vector

A T
pEl oy opg

]T

= [/LH /1,177«1.1 M21 .- - N2,7‘i2 31 .- ,ugﬂl s (7.45)

such that such that N.p = 0, i.e., the matriz N, is not full column rank, then the vector

I 1S not a zero vector.

Proof. Equation N u = 0 can be written in terms of their partitioned matrices as

(Ai, — N, E_i) )y — E_iypy = 0, (7.464)
Ci py =0, (7.46Db)

A_ipg+ (A—i, — N, E_i) )3 =0, (7.46¢)
Cispg + Ci 3 = 0, (7.46d)

We assume that p; = 0, then it can be obtained by equation (7.46a) that gy = 0.
Substituting g, = 0 into equations (7.46¢) and (7.46d), one can get

(A—il - )‘i1E—i1)p’3 =0, (7.47&)
Cips = 0. (7.47Db)
This contradicts the Theorem 4.1. O

Theorem 7.4. For the matriz N, defined in (7.43) of a given minimal commutative n-D

Roesser model (A, B,C, D;r), if there is a nonzero vector

A T
pEl o py py

]T

Z[MH coe Mg |H21 -e e M2, [M31 - By (7.48)
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such that Nu = 0, i.e., the matriz N, is not full column rank. Then there is a pseudo-

system matriz M obtained by

M =LMR (7.49)
with
N O
LE1ILy, RE [0 IJ : (7.50)
where N is an identity matriz with its tth column replaced by
e (Bt zitts) + Beiysipy) (7.51)
_(1 — /\ilzl) —i1 (M Zig 3 —igR1 M2 .

where t = 21:_01(73) +t with rg = 0 and p14 # 0, such that M and M have the same total

order but different partial order.

Proof. Without of generality, we assume that i; =1, io = 2, 1,1 # 0 then set ¢t = 1, since
for the other case, the proof is similar and thus omitted.

Equation (7.46¢) can be written in terms of their partitioned matrices as
ALQ’U,Q =+ (Al,l — )\1]7«1)11,3 :0, (752&)
Ak72u2 + A;@lu;), =0 if k#1. (752b)

and equation (7.46a) gives that

(Al,l — )\1[“)’11/1 :0, (753&)
A271U1 — ITQ’LLQ == O, (753b)
Ak,lul =0 if k 7£ 1, k 75 2. (753(3)

Therefore, from equation (7.52a) and (7.53a), it can be obtained that
(Iry — Av121)(py + 22p3) + (—A1220) 21 g
= ((Iry = Avpzi)p) + (I — Avaz1)zapy — A1 222211)
=(Ir, = MLy )y + (L — Mzl )zopy

=(1 = A1z1)(py1 + 2z2p3). (7.54)
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By equation (7.52b) and (7.53b), it can be got that
—Ag121(py + 2z2p3) + (Iry, — A2222)21 19 = 0. (7.55)
Equations (7.52b) and (7.53c) give that
—Ag121(py + 22p3) + (—Ag222) 210 = 0 (7.56)
with & # 1,2, and equations (7.46b) and (7.46d) give that
Crz1(py + z2p3) + (Coz2) 2119 = 0. (7.57)

Then, from equations (7.54), (7.55), (7.56) and (7.57) it can be obtained that multi-

plication of the system matrix M of related n-D Roesser model from right by & gives

[I,,—A1121 —A1220 ... —Ainzn Bi] _ﬁlt\izt“;’_
—AlR1
—As1z1 Ipy—Azza... —Aspz, Ba || _Ziba
) ) ) ) (1=A121)
Mg = : : : : 0
_An,lzl _An,222 ce Irn_An,nzn By 0
012‘1 CQZQ PN CnZn D 1L 0 i
T T
= [ (uy +22113)" 0000 ]
=E_1(p3 + 2211) (7.58)

Noting that L is an identity matrix and R is an identity matrix with its first column
replaced by &, then it can be seen that the multiplication LM R will keep the columns of
M unchanged except the first column in which the variable z; is changed to za, 21 # 22.
Thus, the n-D pseudo-system matrix M in the form of (7.36) has been obtained from the
n-D system matrix M in the form of (7.31) such that 7 = r; — 1 and 7 = ro + 1, i.e., M

and M have different partial orders. ]

Theorem 7.4 gives a sufficient condition for obtaining a pseudo-system matrix M from
an n-D system matrix M corresponding to a given n-D Roesser model (A, B,C, D;r),
that is if the matrix A, defined in (7.43) is not full rank, such that M and M have the
same order but different partial order. Moreover, Theorem 7.3 shows that for a given n-D
Roesser state-space model (A, B, C, D;r), if there is a pseudo-system matrix M obtained

from M such that M and M have the same total order but different partial orders, then
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there is an equivalent n-D Roesser model (A, B, C, D;r) corresponding to (A, B,C, D;r)
such that (A, B,C, D;r) and (A, B,C, D;r) have the same transfer matrix but different
noncommutative matrices. In what follows, a procedure is given to obtain an equivalent

n-D Roesser model by the general transformation.

Procedure 7.2: General Transformation

Input : A given n-D Roesser model (A, B, C, D; r);
Output: An equivalent n-D Roesser model (A, B,C, D;7);

1 Step 1: If the matrix N, in (7.43) is not full rank, transform the n-D system
matrix M corresponding to the given n-D Roesser model (4, B,C, D;r) to a
pseudo-system matrix M construct L and R in the from of (7.50). Set
(A,B,C,D;r)=(A,B,C,D;r).

2 return (A,B,C’,f);f).

Example 7.7. Consider the Roesser model (A, B, C, D) = (A, B, C, D) with order (r1,r2) =
(3,2) in (7.17), whose first standard system matriz M (z)

[-Az B } . (7.59)

M =

(2) { -CZ D
Note that this 2-D Roesser model can not be reduced by the proposed order reduction the
common invariant subspace appraoch and existing order reduction techniques in [4, 29-32].
However, we will show that, this model is equivalent to another Roesser model which can

be further reduced by the proposed common invariant subspace reduction.

For this model, we have

100 00
s 010 0 00
11_[023 }— 001/, 12:[ 3*2}_ 00/, (7.60)
3 000 2 10
000 01
and
2 0 0 0 -2
01 2 1 2
Aq=100 2|, As=]0 1 |. (7.61)
1 -1 -1 ~1 0
00 0 0o -3
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Step 1: Note that A\; = 2 is one eigenvalue of Ay;. Let i1 = 1 and i = 2, using (7.43) we

have
[ 2171 — A,1 —A,Q 0
A Cq Co 0
N = 0 I o |21 —A
i 0 0 Cy
[0 0 0O|lO0O 2,10 0 0 ]
0o 1 -2|-1 =210 0 0
o 0 0,0 =10 0 O
-1 1 1 1 0,0 0 O
00 00 2]0 0 0
-1 2 -2/-1 0|0 0 O
1 0 -2(-1 0|0 0 O
10 0 0|0 O]O0O O 0O [’ (7.62)
0o 0 oj]O0O 0|0 1 -2
0O 0 0jO0O OO0 0 O
0 0 O 1 0 |-11 1
0O 0 0|0 1 0 0 O
0O 0 0jJ0O0O O0/|-1 2 =2
. 0 0 0|0 O 1 0 -2 |
which has not full rank. That is, there is a vector
T
p=[m po pyl=[111|-1 0[2 2 1] (7.63)
such that N'u = 0. Note that uz; = 2 # 0, so set t = 1. Then, we have
[ 2422 7]
1212;21
1 11;—2,2221
1—22z1
- 0 -
and construct N as
+2 ]
1:3%1 0 00O
133211 10 00
— Z
N=| {5, 0100 (7.64)
—z
5 00 10
| 0 000 1]

which is an identity matrix with its first column replaced by &.
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Then, as in (7.50) we have
L2I;, R= [N ] : (7.65)
I
and
M(z) =LM(2)R
[2o+2 O 0 0 229 2 2
z94+2 1—21 —2z1 —29 —2z9 |—6 —4
z9+1 0 1—2z 0 —29 0 O
0 21 21 29+ 1 0 0 1 (766)
0 0 0 0 22+41{1 1
0 22’1 *22’1 —2Z2 0 0 0
| 0 0 —2z1 | —z9 0 0 0 |

It should be noted that the order of the system matrix M (z) in (7.66) is (71, 702) =
(2,3), and the order of the system matrix M(z) = M(z) in (7.59) corresponding the
Roesser model in (7.4) is (r1,r2) = (3,2). That is, the system matrix M (z) in (7.66) and
M(z) = M(z) in (7.59) have different partial orders.

Step 2: Comparing the obtained system matrix M in (7.66) to the system matrix M in

(7.36), we have

20000
21000
F=|1010 0], (7.67a)
00010
00001
[z 0 0 0 0
0 2 0 0 0
Z=|0 0 z 0 0 (7.67b)
0 0 0 z 0
L0 0 0 0 =z
The permutation matrix
00100
10000
N={01000 (7.68)
00010
00001
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can make the columns in ZN in a sort order. Then, using (7.38) we have

1100000
-2 010000
1
- L 000000
N -1 2

L_[N}(: ?]_ 0 00 1000
2 0 000100
0 000010
0 00000 1]

"0 01 000 07

1000000

- 0100000
R:[](\)]IO]:0001000,

2 000O0T100

000O0O0T1O0

(000000 1)

and can obtain a standard system matrix
M(z) =LM(2)R

1 - Z1 —221 0 —Z9 —42’2 -8
0 1—-22% Z 0 —2z9  —1
0 0 Z4+1 0 29 1
= z1 z1 0 22+1 0 0
0 0 0 0 2241 1
221 —221 0 —Z9 0 0
.0 —22 0 —29 0 0

—6
-1

O O = = =
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(7.69)

(7.70)

Step III: From M(z) of (7.70), one can obtain an Roesser model (A, B,C, D) of (7.4) as

1 20 1 4 -8 —6
0 2|-3 0 2 -1 -1
A= 0 0]-3 0 -1|, B=|1 1
-1 -1, 0 -1 0 0 1
L 0 00 0 -3 11
~ [2 —2]0 -1 0 00
C‘_o -2]0 -1 0}’ D‘[o o]'

(7.71)

It is seen that the order of the obtained Roesser model (7.71) is (71, 72) = (2, 3), which

is different from the order (r1,72) = (3,2) of the given Roesser model in (7.4).
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7.5 Examples

In this section, examples are given to illustrate the effectiveness of the proposed ap-

proach.

Example 7.8. Consider the following LFR given by Example 3.2 on page 33 in [89)]:

0 0 0 0] 0
0 0 0 0| -1

My=| 0 0 O 01 (7.72)
0 1 0 0] 0
1 0 0 1] 0

Ay = : (7.73)
0 0 & 0

0 0 0 02

which cannot be reduced by the exact reduction techniques given in [4]. However, an order

reduction of the LFR (M3, As) can be achieved by the new proposed reduction approaches

as follows:
Mz=[0],
(7.74)
Ay =0,
with order r = 0.
Example 7.9. Consider the following 4-D transfer function matriz:
Z122%23 22’12’423
1421+ 22 1—223 — 24
H(Zl,22,23,2’4> = . (7.75)
2222123 242123

14+21+220 1—223—24



7.6. Proofs of the Main Results 144
Applying LFR toolbox [4}] yields the following Roesser model with order r = 20:
(OO0 00 0 O/1 0OOOI0OO OOO0O|0O0O0O07T [0
0-100 0 0[0—-20 0|00 O OO0 OO O OO 1
0 000OOOOOOO0O|0OOO0OO0O|L OO0OO 0
0 0O00OOO0OOOO0OO|0OOO1I0O0O|00O0O0OO0 0
0 000-10/0 00-2/0000001j00O00O0 1
0 0O0O0OOO0OOOOO|OOOO1L O|OOOO 0
0 000OOO0OOOO0OO0O|I0O0O00O|00O0OO 0
0—-100 0 0[0—20 0|00 O OO0 OO0 O OO 1
0 001 0O00O0O0O0O|000O0O0OO0O|0O0OO 0
e 0 000-10/0 00-2/0000001|00O00O0 B:L
0-100 0 0[0-20 000 0 00 00 00O |’ 1|’
00000O00O0O0O0|[00-20001(0-100 -1 (7.76)
0 000OOOOOO0O|0O02000|01 00O 1
0 000-10/0 00-2/000000j00O0O0 1
0 0O00OOOOOOO|0O0OO0O00-=2/00 0-1 1
0 0O0O0OOOOOOO0O|0OO0O00 2|00 01 -1
0 0O00OOO0OOOO0OO0O|01 OOOO|OOOO 0
0 000OOOOOO0OO0O|002000|01 00 1
0 0O00OOT10000|0O0OO0OO0ODO0OI|0OO0O0OO 0
L0OO OO 0 00 0OOO0OJ0OO0OO0O0Z2|0001 | | —1]
02’10200000000000000000] D:[o]
1000000/0020/000000[0010]" 0]
By the proposed reduction method, we obtain the following much-lower Roesser model:
ro 0 0] 0 |1 O 2 0 7 F 0 7
0 -1 0|—-2]0 O 0 0 1
0 0 0/0 |1 0|—3 O 0
0 -1 0|—-2|0 O 0 0 1
A=190 o010 00 o |° B0
0 0 0|00 2|0 -1 -1 (7.77)
0 0 olo0f0o 170 0
L0 0 0] 0|0 =210 1 | | 1
1 0 0|0]0O0 O|0 O 0
C_[OO2OO 010 0}’ D_[O]'

The comparisons with the existing approaches are shown in Table 7.1.

7.6 Proofs of the Main Results

Before give the main proofs, we need the following result.
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Table 7.1: Comparison of the reduced orders for the Roesser model in 7.76.

Methods ‘ partial Orders ‘ Order
Method of [23] (4,3,4,4) 15
LFR Toolbox [4] (4,3,2,3) 12
Our method (3,1,2,2) 8

Lemma 7.4. The matrices M, M, M, M, e M(p, q) in the form of

[ My Miio Mias | Migg |
| O Mus 0 0
Mii7 Mg Mijg | Migz |’
| Mo1q Moro Moz | Moo |
[ Mi11 Migi2 Mgz | Mygg |
7= 0 ]\:41,1,5 0 0
Mgz Migg Miag | Migs |’
L Mo11 Moo Moyz| Maao |
[ M1 0 Mz | Mg i
= Mira Miys Mige | Mipoo
M1 7 0 Miig | Mi23 |’
| Ms11 0 Ms13 | Mas |
[ Mign 0 Mgz | Mgy ]
= Miia Miys Miig | Migo
M7 0 Migg | Migs |’
| Ma11 0 M3 | Maso

~1
Miiq My ] [ Mi 21

=— | M M.
[Ma11 Moz ] M7 My M3

:| + M2,27

(7.78a)

(7.78b)

(7.78c¢)

(7.78d)

(7.79)

) M M ~ - . . . .
with { 1,11 1,13 }, Mii1s, Miis, Mi1s and M5 being invertible and Moo €

Mii7 Mg
RP*4,

Proof. For simplicity, we only show the relationship about the matrix M of (7.78a), as
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the results for the other matrices is similar. Let

0

O O M~

1

0
0
0

With attention Lemma 7.1 and

LMR =

we have

R(M) = R(LMR)

=—[Ma12 Moy Maag]| | MigoMiig Mias

=—[Ms11 Ma 3] {

7.6.1 Proof of Theorem 7.2

Migs 0 0 17'[ o
Mi 21
M8 My17Miqg M3

0 O 07 0 O
00 p_| 1000
I 0|’ 0 0TI O
0 I, 00 0 I,
Miis 0 0 0

Mo Mg Myaisz | Mipga
Mirsg Miy7 Migg | Mip3s
Myro Moy1 Morz| Moo

1

-1
M111M113] [M121]

Ly Ly )4y +M .
M7 M9 22

Mi23
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(7.80)

(7.81)

(7.82)

Proof. Note that the given n-D Roesser state-space model (A, B,C, D;r) is in the form

as

X11

X1

A= X371
0

X5,

0 X1’3
ann X23
0 Xs3

g
0 X553

0

X14 Xi5 X1
ane Xops Xp2
X34 X35 |, B=| X3
age 0 0
X554 X55 Xbs

C:[Xcl 0 Xz X Xc5]-

(7.83)

where X j, Xy, X¢j are sub-block matrices of A, B, C, respectively, 4,5 € {1,...,5} such

that the entries a,, and ag¢¢ are in the positions (n,7) and (&, &) of A, respectively. For
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the T defined in (7.27), we have

Loth | &th
I 00 0 O
0 00 1 Of:<+nth
T7'=100 T 0 0 . (7.84)
0 1 0 —y O« ¢th
000 0 I

Then, the expected n-D Roesser state-space model (A, B,C, D;7) = (T AT, T~'B,CT, D;r)

is in the form as

X1 X1a X413 0 Xyp
0 apy, 0 agy O
=T 'AT = | X31 X34 X33 0 X3;
Xo1 ape Xo3 ag
X51 X54 X53 0 X55

N

B=T"'B=[ Xy 0 X3 Xpo Xp3 ]T,
C=CT=[Xa Xa X 0 Xu]. (7.85)

Let

Z =diag{z11,,,..., 201y, }, (7.86)

and z1,...,z, denote the unit delay (backward-shift) operators. Compatible with A in
(7.83), the Z can be partitioned as

Z = dia‘g{ZlaZ2aZ3aZ4aZ5}7 (787)

where the size of Z1, ..., Z5 are respectively, I1,1,13,1, 5.
The column system matrix of n-D Roesser state-space model in (7.83) is
1-AZ B
M= { -CZ D }:

I, —X112: 0 —X1323 —X1424 —Xi1525 Xp
X012y l-annZy —Xo3Z3 —neZy —Xos525 Xpo
—X3.121 0  [},—X33723 X342y —X35725 Xp3

0 —ag,nZQ 0 1—a5,5Z4 0 0
—X5121 0 ~X5323 —Xs5424 I1,;—X5525 Xos
X2y 0 X323 —XeuZy —XesZs D

(7.88)
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Let Ry be
Loth L éth
1), 0 0 0 0 0 O]
0 1 00 0 0 0y
L0 0 0,0 0 0 759
1= (lg7 ZQ . .
0 2% 0 0 1 0 0|«¢th
0O 0 ©0 0 01 O
o0 0 00 0 0 I
Then, multiplication of M Ry gives
M, 2 MR,
I, —X1127 60 —Xi1323 —X14Zs —Xi525 Xi
—Xo1Zy 140> —Xo3Z3 —apeZy —XosZs Xy
| =XsaZy O3 I, —X3373 —X34Z4 —X3575 Xp3 (7.90)
0 0 0 ].7(15)524 0 0 ’ ’
—X5121 05  —X5323 —Xs54Zs I1;—X5525 Xps
—XaZy 0s —Xe3Zs —XuZy —XesZs D
. g 2 ag p 2 ag 2
with 91 = —1_225224)(1424, 92 = —aang - %amgzb 93 = —1_2;75224X34Z4, 95 =
Z Z
— el XsaZy and O = — =3 Xey Zy.
Define
M, &
I, —X1:12y 00 —Xi13Z3 —X14Zy —Xi1525 Xpn
—Xo1Z1 140> —Xo37Z3 —aneZs —XosZs Xpo
—X31Z1 O3 I1;—X3323 —X34Zy —X3575 Xp3 (7.91)

0 0 0 1—&575Z4 0 0
—X5121 05 —X5373 —Xs4Z0 I1;—X5575 Xps
~Xazy 0 —Xe3Zdzs —XuZs —XesZs D

By theorem 4.1, one can derived that

R(M;) = R(Ms,). (7.92)
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Let Ry be
Lath L éth
1), 0 0 0 0 0 O]
0 I 0 0 0 0 Oy
R 0 0 0, 0 0 O
9 = —ag nZ .
0 %224 0 0 1 0 0|«cth
0 0 00 01 O
o0 0o 00 0 0 I
Then, multiplication of Ms Ry gives
MgéMQRQZ
I, —X1121 0 —X132s —X1422 —X157Z5 X
X212y l-apyZs —Xo3Z3 —aneZs —Xo5Z5 Xpo
—X3121 0 I,-X3323—X3422 —X3525 X3
0 7(1577724 0 17(15,5Z4 0 0
—X5121 0 —X5323 — X542 I1,—X557Z5 Xos
—XaZ1 0 —Xe3Z3 —XeZas —XesZs D
Define
Lgth L éth
,, 00 0 0 0 O]
0 1 0 0 a 0 0|+« nth
» 0 00, 0 0 0
5710 00 0 1 0 O« &t
0 00 0 01, 0
0 00 0 0 0 I,
J mth J &th
[, 00 0 0 0 0]
0 10 0 —a 0 0|«nth
L _|0 001 0o 0 o0
'71o 00 0 1 0 O+« c¢th
0 00 0 0 I, 0O
(0 00 0 0 0 I,
where o = %2021

CLE’,,]Z4
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(7.93)

(7.94)

(7.95a)

(7.95b)
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Then, multiplication of L MgR3 gives
M, 2 L, MsRs
I X112, 0 ~X1323 —X1422 —X15Z5 Xp1

—X0121 l-ageZy —Xo3Zs —aneZo —Xos5Zs Xpo
—X31721 0 I},—X3373 X342y —X3575 Xps

0  —ae,Zi O 1 0 0
—X5121 0 —X5323 —Xp54o I},—X5 575 Xps
— X124 0 —Xe3Z3 —Xealo —XesZs D
Let R4 and L4 be
I nth | &th
[, 0 0 0 0 O]
0 00 1 0 0|+¢nth
L]0 01,0 0 o0
1710 1 0 0 0 0|+« ¢th’
00 0 01, O
(0 0 0 0 0 I,
Lnth | €th,
7, 0 0 0 0 0]
0 0 01 0 0|«nth
0 0, 00 0
R, = .
0 1 0 0 0 0]« ¢th
00 0 01 O
(0 00 0 0 I,
Then, we have
Ms 2 LyM,Ry4
I —X1121 — X142y —X1373 0 —X1525 Xp
0 1 0 —CL5717Z4 0 0
| —X31217 —X342211,—X3323 0 —X3525 X3

—X2121 —anedy —Xo3Z3 l-ageZy —XosZs Xpo
—X5121 —X5420 —X5373 0 I),—X5525 Xps
~XaZy —XeaZy —Xc343 0 —Xes5Z5 D

From system matrix Mjs, a new n-D Roesser model A, B, C, D with order (F1,. ..
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(7.96)

(7.97a)

(7.97b)

(7.98)
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(r1,...,m) can be obtained as
X1 X140 X3 0 Xy Xp1
0 0 0 a, O 0
A=| X31 X34 X33 0 X35 |, B=| X3 |,
Xo1 ane Xoz age Xogp X2 (7.99)
X51 Xs54 X53 0 Xj5 X5

é:[Xcl Xc4 XCS 0 XcS]a

which is equal to the expected n-D Roesser state-space model (A, B, C, D;7) in (7.85). O

7.7 Contribution Summary

In this paper, two types of transformations, i.e., non-structured similar transformations
and general transformations, to obtain equivalent realizations have been established for
an n-D Roesser state-space (state-space) model. It has been shown that applying non-
structured similar transformations and general transformations to an n-D Roesser model
can change noncommutative transfer matrix of this noncommutative Roesser model and
hence the minimality in noncommutative Roesser model does not mean the minimality
of normal commutative case. Based on those two types of transformations, a new exact
order reduction approach for n-D Roesser model has been proposed. Moreover, it has been
clarified that this exact order reduction approach can even reduce a minimal noncommu-
tative Roesser model. Examples have been presented to illustrate the details as well as

the effectiveness of the proposed approach.



Chapter 8

Conclusions and Future Works

This chapter summarizes the main results of this thesis and provides some possible

future works.

8.1 Conclusions

This thesis has systematically studied the exact order reduction problem for state-space
models of multidimensional systems. Theoretically, the relationship among exact order
reduction for n-D state-space models, eigenvalues, eigenvectors, invariant subspaces has
been fully established for the first time. It has turned out that the established connection
for the n-D systems includes the results of the conventional 1-D case as a special case
and also provides a basis for further development of multidimensional system theory. In
application, the proposed approach could reduce a larger class of n-D state-space models
than the existing reduction approaches. Specifically, the main contributions are drawn as

follows.

1. Eigenvalue Trim Approach to Exact Order Reduction for the Roesser
Model (Chapters 4)

Inspired by the existing notion of trim or cotrim in [23], a new notion of eigenvalue
trim and eigenvalue co-trim for n-D Roesser model has been introduced. Based
on those new notions, a preliminary connection between the eigenvalues and the
reducibility of the considered Roesser model has been established. Specifically, new
sufficient conditions for reducibility and the corresponding order reduction algo-
rithms for n-D Roesser model have been developed, which can achieve further order

reduction than the existing approaches.
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We would like to remark that the reduction conditions of the eigenvalue trim ap-
proach only focused on the eigenvalues of one sub-matrix corresponding one variable
and the task of providing a full exploration on the reducibility of n-D Roesser model
by simultaneously taking into account the eigenvalues of all the blocks w.r.t. all the

variables will be accomplished by the following approach.

. Common Eigenvector Approach to Exact Order Reduction for State-

space Models of Multidimensional Systems (Chapters 5)

The notion of constrained common eigenvector has been introduced, which can si-
multaneously take into account the eigenvalues of all the states-matrices of the F-M
model and the eigenvalues of all the blocks in the system matrix of the Roesser model.
Based on this constrained common eigenvector, sufficient reducibility conditions the
n-D F-M model and the n-D Roesser model have been developed, which can be
viewed as a kind of generalization of PBH tests for the exact reducibility of n-D
state-space models. A Grobner basis approach has also been proposed to compute
such a constrained common eigenvector. Moreover, a generalization to the state

delay case has been given to show this method more applicable.

. Common Invariant Subspace Approach to Exact Order Reduction for

State-space Models of Multidimensional Systems (Chapter 6)

A common invariant subspace approach has been established to state-space models of
multidimensional systems. Specifically, new sufficient reducibility conditions based
on common invariant subspaces have been developed for the F-M model and Roesser
model, respectively. Moreover, it has been shown that these conditions are necessary
reducibility in the noncommutative setting. It also shows that the common invariant
subspace approach includes the common eigenvector approach as a special case.
Based on these new reducibility conditions, new constructive reduction procedures

are given for the F-M model and the Roesser model, respectively.

. Further Exact Order Reduction (Chapter 7)

The exact order reduction for Roesser model has been further studied based on
equivalence relationships. In particular, two types of transformations obtain equiva-

lent realizations have been established for the Roesser model. It has been shown that
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applying those two equivalent transformations to a minimal n-D Roesser model in the
noncommutative setting could change the noncommutative transfer matrix of this
n-D Roesser model and then the transformed n-D Roesser model could be reduced
again by applying the common invariant subspace approach. Based on this fact, a
novel reduction procedure has been presented, which repeatedly applies the common
invariant subspace approach to generate minimal Roesser model realization in the
noncommutative setting and the two equivalent transformations to obtain another
Roesser model with different noncommutative transfer function matrices, such that

an n-D Roesser model with order as low as possible can be obtained.

8.2 Future Work

Some directions for future research are as follows.

e In Chapter 7, it has been shown that the equivalence transformations play an impor-
tant role in the reduction process, and two basic types of equivalence transformations
have been established for the Roesser model. To fully study the exact reduction
problem for the Roesser model, more equivalence transformations have to be further
studied. Furthermore, to fully study the exact reduction problem of the F-M model,
it is necessary to extend the equivalence transformations developed for the Roesser

model to the F-M model.

e Problems connected with ideals generated by finite sets of multivariate polynomials
occur as mathematical sub-problems in various branches of systems theory [90].
The method of Grobner bases is a technique that provides algorithmic solutions to
a variety of such problems. One of representative applications of Grobner bases is
that it can find solutions to systems of polynomial equations. On the other hand,
multidimensional systems are characterized by n (n > 1) independent variables
which can be regarded as a special ring of the multivariate ring. It would be very
interesting to investigate the exact order problem of multidimensional systems based

on Grobner bases.

e This thesis only focuses on the exact order reduction problem for the multidimen-

sional systems. The generalization of the proposed methods to the approximate
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order reduction would also be very interesting.
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