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Exact Order Reduction for State-Space Models of

Multidimensional Systems
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Over the last four decades, multidimensional (n-D) systems have received a lot of attention due to
their significance in both theory and practical applications such as image processing, automatic
control, circuit analysis, distributed grid sensor networks. A fundamental problem in the field of n-D
systems is to derive a certain kind of state-space model, typically the Roesser state-space model or
the Fornasini-Marchesini (F-M) (second) state-space model, from a given transfer function matrix.
Moreover, the Roesser model realization is mathematically equivalent to representing a
parameter-dependent matrix as a linear fractional representation (LFR) for robustness analysis and
synthesis of uncertain systems. However, it has been shown that it is extremely difficult in general to
obtain a minimal state-space realization for an n-D system. Therefore, in order to improve the
accuracy and to reduce the complexity for the analysis of n-D systems and the LFR-based robust
control of uncertain systems, it is of great importance to develop effective methods to generate
realizations with lowest possible orders.

There are in general two ways to achieve this goal. One is to directly develop realization
approaches that can construct a Roesser model or an F-M model from a given n-D transfer function
or matrix with order as low as possible. And the other is to develop order reduction approaches that
can further reduce, if possible, the order of a given or known n-D Roesser model or F-M model in an
exact manner, i.e., reduce the order of a given state-space model without introducing any
approximation error or changing the original input-out relation.
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For establishing effective realization approaches, considerable efforts have been made and a
series of significant results have been obtained. However, for the exact order reduction of n-D
state-space model, though some preliminary results have been reported in the literature, there remain
many insights and issues to be explored.

It is well known that, for the conventional 1-D system, a state-space is minimal (not reducible) if
and only if it is both controllable and observable, which can be easily checked by the powerful PBH
(Popov-Belevitch-Hautus) tests in terms of eigenvalues and eigenvectors. In the context of n-D
systems, however, the reducibility problem becomes much more complicated. Completely different
from the conventional 1-D counterpart, the n-D state-space models have more complex structures
involving n different variables. In particular, different blocks or submatrices of the state matrix of the
n-D Roesser model correspond to different variables, which must be treated very carefully in various
scenarios. The complex nature of n-D systems also make the controllability and observability much more
difficult, and different notions on controllability and observability of n-D systems have been introduced.
However, these notions are not very satisfactory in the sense that a state-space model can be minimal
without being controllable or observable and conversely a system can be controllable and observable
without being minimal. In other words, the relationship between reducibility and controllability or
observability has not yet been clearly clarified.

An approach based on the conventional 1-D reduction techniques been shown by regarding the given
n-D system as a 1-D system in a certain variable and applying any standard 1-D reduction technique to it,
and then repeating this operation successively to each of the left n-1 variables to obtain the final
reduced-order n-D Roesser model. However, the effectiveness of this method is rather limited as it cannot
deal with all the n variables simultaneously. More recently, some novel results have been obtained by
restricting the paradigm to the so-called non-commuting n-D systems, in which, e.g., ziz; is not equal to
2,24, for variables z; and zz. By introducing the notions of structured (or generalized) Gramians, structured
controllability/reachability and observability, it has been clarified that a given non-commuting n-D system is
reducible if and only if there exists a singular structured Gramian. In principle, this approach can also be
applied to a commuting system by fixing it as certain non-commuting system. However, it is easy to see
that the non-commutativity is a rather strong restriction and this method cannot lead to satisfactory order
reduction in general. Therefore, the essential difficulty for the reduction problem of n-D systems remains
challenging and new approaches are highly desired.

Inspired by the fact that the PBH tests characterize the reducibility of 1-D systems in terms of
eigenvalues and eigenvectors, this thesis is devoted to studying the exact order reduction of n-D
state-space models from the point of view of eigenvalues and eigenvectors without involving the difficulties
for n-D controllability and observability. The key idea is to introduce the notions of multiple eigenvalues
and common eigenvector, by which we can successfully deal with multiple coefficient matrices related to
n-D state-space models simultaneously and thus establish a new approach to tackle this
long-standing open problem. The main results and contributions are concerned with the following four
aspects:

1) First, a preliminary attempt is made for the n-D Roesser model based on a single eigenvalue,

which only focuses on one sub-matrix corresponding one variable.

2) Second, it is shown that by using the notions of multiple eigenvalues and constrained common
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eigenvector for multiple matrices, we can derive new reducibility conditions and the corresponding
reduction procedures for the F-M model and the Roesser model, respectively. It will be clarified
that this common eigenvector approach is applicable to a more general class of n-D state-space
models for which the existing approaches fail to reach further order reduction. A Grobner basis
approach is also proposed to compute such a constrained common eigenvector, which leads to an
alternative reducibility condition.

Then, the common eigenvector reduction approach is further generalized based on the notion of
common invariant subspace of multiple matrices. Specifically, more general reducibility conditions
and the corresponding reduction procedures are presented for the n-D state-space models, which
includes the results based on common eigenvectors as a special case.

Finally, it is shown that an n-D Roesser model, which cannot be reduced by the proposed
reduction methods and the other existing methods in the literature, may become reducible again
when it is transformed into another equivalent Roesser model. Sufficient conditions and the
corresponding procedure to derive such equivalent Roesser models are presented.

The thesis consists of eight chapters and is organized as follows.

1.

Introduction
This chapter states the background and the motivation for exact order reduction, and gives an
outline of the main results of the thesis.

Mathematical Preliminaries
In this chapter, some fundamental mathematical preparation and notions are given to make the
thesis readable and self-contained.

Multidimensional Systems and Exact Order Reduction
This chapter summarizes some basic concepts of the n-D systems and the existing results of
exact order reduction for n-D systems.

Reduction Based on Eigenvalue Trim

An eigenvalue trim approach is proposed for exact order reduction of the n-D Roesser model
based on a single eigenvalue. Specifically, inspired by the existing notion of trim or co-trim, a
new notion of eigenvalue trim, or in a dual form, eigenvalue co-trim, is introduced to the
Roesser models. This result leads to new reducibility conditions and the corresponding order
reduction algorithms, which can be applied to a larger class of Roesser models than the existing
methods. In particular, eigenvalue trim (or eigenvalue co-trim) includes trim (or co-trim) just as a
very special case, in the sense that the eigenvalue trim (or eigenvalue co-trim) implies the trim
(or co-trim) but the reverse is not necessarily true. Consequently, the exact order reduction for a
trim and co-trim Roesser model is impossible by the existing methods of but may still be
possible by our new methods if the model is not yet eigenvalue trim or eigenvalue co-trim.
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5. Reduction Based on Common Eigenvectors

A common eigenvector approach is presented to exact order reduction for n-D state-space
models by using multiple eigenvalues and common eigenvectors. Specifically, a new notion
called constrained common eigenvector is first introduced. Then, new exact reducibility
conditions will be developed for the F-M model and Roesser model, respectively. It turns out
that the common eigenvector approach can overcome the limitation of the existing methods on
eigenvalues of one sub-matrix. These exact reducibility conditions based common eigenvectors
can be viewed as a partial generalization of PBH tests for the exact reducibility of n-D
state-space models. An effective Grobner basis approach is proposed to compute such a
constrained common eigenvector, which also leads to equivalent reducibility conditions.

6. Reduction Based on Common Invariant Subspace

In this chapter, the common eigenvector approach is extended based on a more general notion
of the common invariant subspace. Then, an innovative common invariant subspace approach
is derived for exact order reduction an n-D state-space model and it is clarified that this
approach can generate a minimal state-space model of an n-D system in the non-commutative
setting, which is from a point of view different to the methods reported in the literature.
Specifically, new sufficient reducibility conditions based on common invariant subspaces are
developed for the F-M model and Roesser model, respectively. It is shown that the common
invariant subspace approach includes the common eigenvector approach as a special case.
Based on these new reducibility conditions, new constructive reduction procedures are given for
the F-M model and the Roesser model, respectively.

7. Further Exact Order Reduction

This chapter further studies the exact order reduction for the n-D Roesser model based on
equivalence relationship. In particular, two types of transformations are firstly established to
obtain equivalent Roesser models. It turns out that applying these two equivalent
transformations to a minimal n-D Roesser model in the non-commutative setting can change
the non-commutative transfer matrix of this n-D Roesser model and then the transformed n-D
Roesser model may be reduced again by applying the common invariant subspace approach.
Based on this fact, a novel reduction procedure is presented, which repeatedly applies the
common invariant subspace approach to generate a minimal Roesser model realization in the
non-commutative setting and the two equivalent transformations to obtain another Roesser
model with different non-commutative transfer function matrices, such that an n-D Roesser
model with order as low as possible can be obtained.

8. Conclusions and Future Works
This chapter summarizes the main results and provides some possible future works.
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