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2.1

(a)

(b)
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(c)

2.2

equation of motion

differential equation

[4]

x
x(t+Δt)

v(t)

x(t)

v(t+Δt)

1: (1)

(2)

x t

x = x(t)

1 t

t t+Δt

Δt → 0

v(t) = lim
Δt→0

x(t+Δt)− x(t)

Δt

=
dx

dt
= ẋ(t) (1)

x′(t) ẋ(t)

t

t t+Δt

Δt → 0

a(t) = lim
Δt→0

v(t+Δt)− v(t)

Δt

=
dv

dt
=

d2x

dt2
= ẍ(t) (2)

d2x
dt2

F [5]

d2x

dt2
=

1

m
F (3)

F = −mg

d2x

dt2
= −g (4)

(4)

2 d2x
dt2

x(t)

(a)

(b)

(c)

III

III

[3]

3

3.1

2

y(x) = x2 (5)
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y′ = 2x (6)

(6)

(5)

(6)

differential equa-

tion y(x)

solution

y(x)

(6)

y = x2 (7)

(6) 1

(7) C

y = x2 + C (8)

(5)

(5) (6)

(6) 1

(5) (0, 0) (6)

y(0) = 0

y(0) = 02 + C = 0 =⇒ C = 0 (9)

C

y = x2 ⇐⇒ y′ = 2x, y(0) = 0 (10)

y(0) = 0 initial

condition 2

O x

y

2: x 2x

y = x2+C

y(0) = 0 1 y = x2

3.2 – 3.4 3

3.2 y′′ = a

y′′(x) = 1, y(0) = 1, y′(0) = 1 (11)

2

2 differen-

tial equation of the second order

(6) 1 differential equation

of the first order 2

2

2

(11) x = 0 x

∫ x

0

y′′dx =

∫ x

0

1dx (12)

=⇒ [y′(x)]x0 = y′(x)− y′(0)

= y′(x)− 1 = [x]x0 = x (13)
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y′(x) = x+ 1 (14)

0 x

∫ x

0

y′dx =

∫ x

0

(x+ 1)dx (15)

∫ x

0

y′dx = [y(x)]x0 = y(x)− y(0) = y(x)− 1

(16)∫ x

0

(x+ 1)dx =

[
1

2
x2 + x

]x
0

=
1

2
x2 + x

(17)

y(x) =
1

2
x2 + x+ 1 (18)

3.3 y′ = ay

x

y

y′ = −y, y(0) = 1 (19)

y(x) �= 0 (19) y

y′

y
= −1 (20)

2

(log y)′ = −1 (21)

∫ x

0

(log y)′dx = [log y(x)]x0

= log y(x)− log y(0) = log
y(x)

y(0)
(22)∫ x

0

(−1)dx = [−x]x0 = −x (23)

3

y(x) = y(0)e−x = e−x (24)

3

3: (19) (24)

3.4 y′′ = −a2y

2

y′′ = −y, y(0) = 0, y′(0) = 1 (25)

y

4

2

2 cosx

sin x

(cosx)′′ = (− sin x)′ = − cosx (26)

(sin x)′′ = (cos x)′ = − sin x (27)
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2 A,B

(A cosx+B sin x)′′ = −(A cosx+B sin x)(28)

y = A cos x + B sin x

y′′ = −y

2 2

y(0) = A cos 0 + B sin 0 = 0 (29)

y′(0) = −A sin 0 + B cos 0 = 1 (30)

A = 0, B = 1 (31)

4: (25) (32)

(25)

y = sin x (32)

4

1

1: A,B

y′′ = a 2 y = A+Bx+ 1
2
ax2

y′ = ay y′
y
= a y = Aeax

y′′ = −a2y (cos ax)′′ = −a2 cos ax y = A cos ax+ B sin ax

3.5

3.1

y′′ = −2, y(0) = 0, y′(0) = 0

y = −x2 �

3.2

y′ = −2y, y(0) = −1

y = −e−2x �

3.3

y′′ = −y, y(0) = 1, y′(0) = 0

y = cosx �

4

4.1 mẍ = F =

m

v0

5

mẍ = −mg, x(0) = 0, ẋ(0) = v0 (33)
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y′′ = a

ẍ = −g t = 0

t ∫ t

0

(ẋ)·dt = [ẋ(t)]t0 = ẋ(t)− ẋ(0)(34)∫ t

0

(−g)dt = [−gt]t0 = −gt (35)

ẋ(t) = ẋ(0)− gt = v0 − gt (36)

∫ t

0

ẋdt = [x(t)]t0 = x(t)− x(0) (37)∫ t

0

(v0 − gt)dt =

[
v0t− 1

2
gt2
]t
0

= v0t− 1

2
gt2 (38)

x(t) = x(0) + v0t− 1

2
gt2 = v0t− 1

2
gt2 (39)

2

x
x(t)

mg

O

v0

t=0

5: (33)

4.2

4.2 mẍ = −kẋ

m

k

v0

6

x
x(t)

kx(t)
v0

t=0

6: (40)

mẍ = −kẋ, ẋ(0) = v0 (40)

v = ẋ

mv̇ = −kv (41)

y′ = ay

v( �= 0)

v̇

v
= − k

m
=⇒ (log v)· = − k

m
(42)

0 t

∫ t

0

(log v)·dt = [log v(t)]t0

= log v(t)− log v(0) = log
v(t)

v(0)
(43)

∫ t

0

(
− k

m

)
dt =

[
− k

m
t

]t
0

= − k

m
t (44)

v(t)

v(0)
= e−

k
m
t =⇒ v(t) = v0e

− k
m
t (45)
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4.3 mẍ = −kx

m k

t

x(t) t = 0 x = x0

7

x
x(t)O

kx(t)

x0

t=0

7: (46)

mẍ = −kx, x(0) = x0, ẋ(0) = 0 (46)

ẍ = − k

m
x = −ω2x, ω =

√
k

m
(47)

y′′ = −a2y

2 cosωt sinωt 5

x(t) = A cosωt+B sinωt (48)

A,B

ẋ(t) = −ωA sinωt+ ωB cosωt (49)

A cos 0 + B sin 0 = x0 (50)

−ωA sin 0 + ωB cos 0 = 0 (51)

A = x0, B = 0 (52)

6

x(t) = x0 cosωt = x0 cos

(√
k

m
t

)
(53)

8: (46) (53)

2: mẍ = F

F = α = F
m

⇒ y′′ = a x(t) = x(0) + ẋ(0)t+ 1
2
αt2

F = −kẋ v = ẋ ⇒ y′ = ay v(t) = v(0)e−
k
m
t

F = −kx ω2 = k
m

⇒ y′′ = −a2y x(t) = x(0) cosωt+ ẋ(0)
ω

sinωt

4.4

4.1

(11) (19) (25)

(11) 1

(19)

1 (25)

0 1

�

4.2

α t

v = v0 + αt (54)

x = x0 + v0t+
1

2
αt2 (55)
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mẍ = F α = F
m ẍ = α

0 t∫ t

0

ẍdt = [ẋ]t0 = ẋ(t)− ẋ(0) (56)∫ t

0

αdt = [αt]t0 = αt (57)

v = ẋ(t), v0 = ẋ(t0) (54)

0 t

∫ t

0

ẋdt = [x(t)]t0 = x(t)− x(0) (58)

∫ t

0

(v0 + αt)dt =

[
v0t+

1

2
αt2
]t
0

= v0t+
1

2
αt2 (59)

(55) 2

�

4.3

m v0
θ

xx(t)

mg
y(t)

t=0
O

v0

y

9: (60)(61)

9

mẍ(t) = 0, x(0) = 0, ẋ(0) = v0 cos θ (60)

mÿ(t) = −mg, y(0) = 0, ẏ(0) = v0 sin θ (61)

ẍ = 0 0 t

ẋ(t)− ẋ(0) =

∫ t

0

0dt = 0

=⇒ ẋ(t) = ẋ(0) = v0 cos θ (62)

0 t

x(t)− x(0) =

∫ t

0

v0 cos θdt = v0 cos θ · t

=⇒ x(t) = v0 cos θ · t (63)

ÿ = −g 0 t

ẏ(t)− ẏ(0) =

∫ t

0

(−g)dt = −gt

=⇒ ẏ(t) = ẏ(0)− gt = v0 sin θ0 − gt (64)

0 t

y(t)− y(0) =

∫ t

0

(v0 sin θ0 − gt)dt

= v0 sin θ · t− 1

2
gt2 (65)

=⇒ y(t) = v0 sin θ · t− 1

2
gt2 (66)

(63) (66) t

�

4.4

m

x

x(t)

mg

kx(t)

v(0)=0

10: (67)

x 10

mẍ = mg − kẋ, ẋ(0) = 0 (67)

k v = ẋ

v̇ = g − k

m
v = − k

m

(
v − mg

k

)
(68)

v̇

v −mg/k
= (log(v −mg/k))· = − k

m
(69)

0 t
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∫ t

0

(log(v −mg/k))·dt = [log(v −mg/k)]t0

= log
v(t)−mg/k

v(0)−mg/k
(70)

∫ t

0

(
− k

m

)
dt =

[
− k

m
t

]t
0

= − k

m
t (71)

v(0) = 0

v(t) =
mg

k

(
1− e−

k
m t
)

(72)

(72) 11 t → +∞
mg/k �

11: (67) (72)

4.5

m �

t = 0 v0

x

x(t)
O

v0
mg

12: (73)

t

x(t) θ(t)

12

mẍ = −mg sin θ, x(0) = 0, ẋ(0) = v0 (73)

|θ| � 1

sin θ � θ =
x

�
(74)

ẍ = −g

�
x = −ω2x, ω =

√
g

�
(75)

y′′ = −a2y 2

cosωt sinωt

x(t) = A cosωt+B sinωt (76)

A,B

ẋ(t) = −ωA sinωt+ ωB cosωt (77)

A cos 0 +B sin 0 = 0 (78)

−ωA sin 0 + ωB cos 0 = v0 (79)

A = 0, B =
v0
ω

(80)

13 7

x(t) =
v0
ω

sinωt =

√
�

g
v0 sin

(√
g

�
t

)
(81)

�

13: (73) (81)

5

5.1

5.1

M m

v0
14

(a)
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(b)

(a)

v

mv0 = (m+M)v

=⇒ v =
m

m+M
v0 (82)

(b)

h

1

2
(m+M)

(
m

m+M
v0

)2

= (m+M)gh

=⇒ h =
m2v20

2g(m+M)2
(83)

�

v0
m

M (M+m)g
h

14:

2

x(t)

5.2 mv2 −mv1 =
∫ t2
t1

Fdt

mẍ(t) = F 15 t1

t2∫ t2

t1

mẍdt = [mẋ]t2t1 =

∫ t2

t1

Fdt (84)

mv2 −mv1 =

∫ t2

t1

Fdt (85)

F =

Δt = t2 − t1 F =

F

mv2 −mv1 = FΔt (86)

x
Fv1 v2

t1 t2

x(t)x1 x2
15: t1 t2 F

5.3 mAvA +mBvB =

2 A B

16 A B

xA(t), xB(t)

mAẍA = F, mBẍB = −F (87)

8 2

(mẋA +mẋB)
· = F + (−F ) = 0 (88)

t1 t2∫ t2

t1

(mẋA +mẋB)
·dt = [mẋA +mẋB]

t2
t1

=

∫ t2

t1

0dt = 0 (89)
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m

M (M+m)g
h



2

mvA(t1) +mvB(t1) = mvA(t2) +mvB(t2)(90)

2

x

F

x (t)

F

x (t)A B

mA mB

16: (87)

5.4 1
2
mv22− 1

2
mv21 =∫ x2

x1
Fdx

mẍ = F ẋ

mẋẍ = Fẋ =⇒
(
1

2
mẋ2

)·
= F ẋ (91)

9 t1 t2

∫ t2

t1

(
1

2
mẋ2

)·
dt =

[
1

2
mẋ2

]t2
t1

=

∫ t2

t1

F
dx

dt
dt =

∫ x2

x1

Fdx (92)

x1 = x(t1), x2 =

x(t2)
∫

dx
dt
dt =

∫
dx 10

1

2
mv22 −

1

2
mv21 =

∫ x2

x1

Fdx (93)

15 F =

Δx = x2−x1 F =

F

1

2
mv22 −

1

2
mv21 = FΔx (94)

3: EOM

mv2 −mv1 =
∫ t2
t1

Fdt EOM t

mAvA(t1) +mBvB(t1) = mAvA(t2) +mBvB(t2) A,B EOM t
1
2
mv22 − 1

2
mv21 =

∫ x2

x1
Fdx EOM ẋ t

1
2
mv21 + U(x1) =

1
2
mv22 + U(x2) F = −U ′(x)

5.5
1

2
mv2 +

U(x) =

F (x) U(x)

U(x)

potential F (x) con-

servative force

F (x) = −U ′(x) (95)

U(x) = mgx (96)

U(x) =
1

2
kx2 (97)

(93)
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∫ x2

x1

Fdx = −
∫ x2

x1

U ′(x)dx

= − [U(x)]x2

x1
= U(x1)− U(x2) (98)

1

2
mv21 + U(x1) =

1

2
mv22 + U(x2) (99)

(93)

3

6

6.1

17

[5, 8]

17: mẍ(t) = F v(t) = ẋ(t) x(t)
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6.2

11

17

1 (7) (6)
2[loge f(x)]

′ = f ′(x)
f(x) e = 2.718 · · ·

3log a− log b = log a
b .

4a �= 0, b, c

ay′′(x) + 2by′(x) + cy(x) = 0 (100)

[5, 4] y = eλx λ

(100) λ

2

aλ2 + 2bλ+ c = 0 (101)

λ± =
−b±√

b2 − ac

a
(102)

A,B

y = Aeλ+x +Beλ−x (103)

λ = λ+ =

λ− b2 − ac = 0

y = eλx(Ax+B) (104)

3 – 4

eix = cosx + i sinx

5 [f (g(x))]
′
= f ′(g(x))g′(x)

(sinωt)· = (ωt)· cosωt = ω cosωt
6 T 2π

ω(t+ T ) = ωt+ 2π

=⇒ T =
2π

ω
= 2π

√
m

k
(105)

7 T 2π
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ω(t+ T ) = ωt+ 2π

=⇒ T =
2π

ω
= 2π

√
�

g
(106)

8 3 B

A

9 (ẋ2)· = (ẋẋ)· = ẍẋ + ẋẍ = 2ẋẍ

10 III
∫
f(x)dx =∫

f(x(t))dxdt dt f(x) = 1
dx
dt

11

[6]
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