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self-contained
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2.1

true false

proposition

2.1

1

�

2.2

�

2.3

para-

dox

liar paradox

1 �

tautology


 contradic-

tion ⊥

2.4

(18)

�

2.5

(19)

�

1 2 ¬,∧,∨,→
logical connective

truth table

P P

P negation ¬P not P

1 2

1: T true

F false

P T F

¬P F T
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2.6

P ¬P

P

(18) �

conjunction P ∧Q P Q P

and Q P,Q

2

2:

P T T F F

Q T F T F

P ∧Q T F F F

2.7

P Q

P ∧Q

�

disjunction P ∨Q P Q P

or Q P,Q 1

3

3:

P T T F F

Q T F T F

P ∨Q T T T F

2.8

2.7 P ∨Q

exclusive disjunction P �Q

P �Q
def.⇔ ¬[P ∧Q]∧ [P ∨Q]

3 �

implication P → Q P Q

If P , then Q P Q

4

P → Q
def.⇔ [¬P ] ∨Q (1)

P → Q P an-

tecedent Q descendant

4:

P T T F F

Q T F T F

P → Q T F T T

2.9

P Q

P → Q

P Q

P Q

P → Q 4

P → Q

�

[6, p. 21]

2.10

P Q

P → Q
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“If you move, then I’ll shoot you.”

“Don’t move, or I’ll shoot you.”

(1)
4 �

P Q P ⇒ Q

P Q inference

, P Q deduction
5 P Q P → Q

P ⇒ Q

P ⇒ Q P premise

Q conclusion P

Q P � Q

P ⇒ Q Q ⇒ P P ⇔ Q

P Q logically equivalent

2.11

P ∧Q

P P ∧Q ⇒
P

P � P ∧Q �

P → Q 2

1 P ⇒ Q

P Q

[7, p. 45]

2.2

4

logical operation

[3]

logical

conjunction logical disjunc-

tion

1 0

2

∧

1 ∧ 1 = 1 (2)

1 ∧ 0 = 0 (3)

0 ∧ 1 = 0 (4)

0 ∧ 0 = 0 (5)

1 0

1 × 1 = 1, 1 × 0 = 0 × 1 = 0 × 0 = 0

3

∨

1 ∨ 1 = 1 (6)

1 ∨ 0 = 1 (7)

0 ∨ 1 = 1 (8)

0 ∨ 0 = 0 (9)

1∨ 1 1 0

1+0 = 0+1 =

1, 0 + 0 = 0

¬ 1 0

¬1 = 0 (10)

¬0 = 1 (11)
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Venn di-

agram

1 2

P

P

¬P

Q

P ∧Q

P ∨Q

P

P P

PQ

Q Q

Q

1:

P,¬P, P ∨Q,P ∧Q

P

Q

P ⇒ Q P Q

P → Q (1) ¬P ∨Q

2

P ⇒ Q P → Q

2

2

P Q

P Q P Q

2: P → Q

P ⇒ Q

P Q

P Q P → Q

3

commutative law

associative law

P,Q

P ∧Q ⇔ P ∧Q ( ) (12)

[P ∧Q] ∧R ⇔ P ∧ [Q ∧R] ( ) (13)

P ∨Q ⇔ P ∨Q ( ) (14)

[P ∨Q] ∨R ⇔ P ∨ [Q ∨R] ( ) (15)

P ∧Q ⇒ P, P ∧Q ⇒ Q (16)

P ⇒ P ∨Q, Q ⇒ P ∨Q (17)

2 3
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P ∨ [¬P ] ⇔ 
 ( ) (18)

P ∧ [¬P ] ⇔ ⊥ ( ) (19)

¬[¬P ] ⇔ P ( ) (20)

law of excluded mid-

dle law of contradition

law of double negation

5

classical logic in-

tuitionistic logic

non-classical logic

5: (18) (19)

(20)

P T F

¬P F T

P ∨ ¬P T T

P ∧ ¬P F F

¬[¬P ] T F


 ⊥

P ∧ 
 ⇔ P (21)

P ∨ 
 ⇔ 
 (22)

P ∧ ⊥ ⇔ ⊥ (23)

P ∨ ⊥ ⇔ P (24)

P Q ∨R

P Q∧R

distributive law

P ∧ [Q ∨R] ⇔ [P ∧Q] ∨ [P ∧R] ( )

(25)

P ∨ [Q ∧R] ⇔ [P ∨Q] ∧ [P ∨R] ( )

(26)

de Morgan’s law

¬[P ∧Q] ⇔ [¬P ] ∨ [¬Q] (27)

¬[P ∨Q] ⇔ [¬P ] ∧ [¬Q] (28)

duality

3.1

P

Q ¬[P ∧
Q]

¬[P ∨ Q]

�

6: (27)(28)

P T T F F

¬P F F T T

Q T F T F

¬Q F T F T

P ∧Q T F F F

¬[P ∧Q] F T T T

P ∨Q T T T F

¬[P ∨Q] F F F T

[¬P ] ∨ [¬Q] F T T T

[¬P ] ∧ [¬Q] F F F T
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4

4.1

P,Q P → Q

¬Q → ¬P contraposition

P → Q ¬Q → ¬P

P → Q ⇔ ¬Q → ¬P (29)

6

P → Q

¬Q → ¬P

proof by contrapositive

(29)

¬Q → ¬P (1)⇔Q ∨ ¬P (30)

(14)⇔¬P ∨Q (31)

(1)⇔P → Q (32)

4.1

P Q

P → Q

P → Q

¬Q → ¬P

�

4.2

n2 n

P n2 Q n

P → Q

P → Q

¬Q → ¬P n n2

n n = 2m −
1 (m = 0,±1,±2, · · · )
n2 = (2m − 1)2 = 2(2m2 − 2m) + 1

n2 n2

n �

• P → Q

¬Q → ¬P

• ¬P,¬Q P,Q P,Q

•
¬Q
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2

1

4.3

P Q

P → Q

¬Q → ¬P

�

4.2

P ¬P → ⊥

P ⇔ ¬P → ⊥ (33)

P

¬P ⊥

proof by contradiction

(33)

¬P → ⊥ (1)⇔ P ∨ ⊥ (24)⇔ P (34)

4.4√
2

P
√
2

√
2

√
2

√
2

= 1 2

m,n
√
2 = m/n

m2 = 2n2 m2

m 4.2

m = 2k (k = 1, 2, 3, · · · )
2n2 = (2k)2 = 4k2 n2 = 2k2 n

m, n

m, n √
2 �

P → Q ⇔ [P ∧ ¬Q] → ⊥ (35)

P → Q

P ¬Q

(33)

[P ∧ ¬Q] → ⊥ (1)⇔ ¬[P ∧ ¬Q] ∨ ⊥ (36)

(24)⇔ ¬[P ∧ ¬Q] (37)

(27)⇔ ¬P ∨Q (38)

(1)⇔ P → Q (39)

4.5

4.1
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4.6

n2 n 4.2

n2 n

n = 2m−1 (m = 1, 2, 3, · · · )
n2 = (2m− 1)2 = 2(2m2 − 2m) + 1

n2

n2 n �

4.3

syllogism

3 1

P ∧ [P → Q] ⇒ Q (40)

(40)

P ∧ [P → Q]
(1)⇔ P ∧ [¬P ∨Q] (41)

(25)⇔ [P ∧ ¬P ] ∨ [P ∧Q] (42)

(19)⇔ ⊥∨ [P ∧Q] (43)

(24)⇔ P ∧Q (44)

(16)⇒ Q (45)

4.7

�

4.8

(40)

P Q

[P → Q]∧Q ⇒ P

[P → Q]∧Q � P

[P →
Q]∧ P

�

2

[P → Q] ∧ [Q → R] ⇒ P → R (46)

(40)

[P → Q] ∧ [Q → R] (47)

(1)⇔[¬P ∨Q] ∧ [Q → R] (48)

(25)⇔ [¬P ∧ [Q → R]] ∨ [Q ∧ [Q → R]] (49)

(40)⇒ [¬P ∧ [Q → R]] ∨R (50)

(26)⇒ [¬P ∨R] ∧ [[Q → R] ∨R] (51)

(1)⇔[P → R] ∧ [[Q → R] ∨R] (52)

(16)⇒P → R (53)

4.9

(46)

�

(46)

[P1 → P2] ∧ [P2 → P3] ∧ · · · ∧ [Pn−1 → Pn]

⇒ P1 → Pn, n ≥ 3 (54)

n 4.9

(54)
7

3

¬P ∧ [Q → P ] ⇒ ¬Q (55)

(40)

(40) P,Q
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¬P,¬Q

¬P ∧ [¬P → ¬Q] ⇒ ¬Q (56)

[¬P → ¬Q] (29)

(55)

4.10

YouTuber

YouTuber

(55)

�

5

symbolic logic

mathematical logic

propositional logic

predicate logic

¬,∧,∨,→
quantifier ∀x x

for any x ∃x x

there exists a x

[7]

1

[2, p. 5]
2 P P

3 X
def.⇔ Y X, Y

X ⇔ Y definition

def.

X ⇔ Y
4 [6]

5 valid

6P → Q ¬P → ¬Q inversion

Q → P conversion

P → Q
7
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