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We consider a pair of a minimization (primal) problem and a maximization (dual) problem. The objective functions
are quadratic and the constraints are linear. Both constraints are called nonhomogeneously semi-Fibonacci. Thus both
problems are called semi-Fibonacci programming under a nonhomogeneous constraint. In this paper, we discuss how to
derive the dual problem from the primal one. Thus, we present an inequality method. The inequality method applies the
Arithmetic-mean/Geometric-mean inequality. Moreover, it is shown that the pair has Fibonacci identical duality (FID) in
the following sense. (i) (Duality) Both problems are dual to each other. (ii) (Identical) Both problems have an identical
optimal solution (point and value). (iii) (Fibonacci) The optimal solution is Fibonacci in the sense. The identical optimum

point is linear, while the identical optimal value is quadratic.

Thus the pair of problems satisfies FID.
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Introduction

In this paper, we consider a pair of a 2n-variable condi-
tional minimization problem

minimize  y? +y2 + -+ 2,
72(b1y1 —+ bgyg + -+ b2n71y2n71)
subject to (1) y1 +y2 —ys = by
— by

(2) ys+ys—ys

(m—1) yon-3+Y2n—2— Yan—1 = ban—2
(n) Yon—1+ yon = boy
(n+1) ye R

and a 2n-variable problem

Maximize —(p2 4+ p3 + -+ p2,)

+2(bapi + bapra + -+ + bapfion)
(1) pr—p2 = by
(@) o+ 13 — i
(3)" pa+ps — s

subject to
b3
= by

(Il)/ Hon—2 + Hon—1 — Hon = b2n71
(nJr 1)/ pE R2n

where b = (by,ba,...,ba,) € R*™ is a constant.

The objective functions are quadratic, while the con-
straints (1)~(n) and (1)’~(n)’ are linear. Both con-
straints are called nonhomogeneously semi-Fibonacci.

Thus both problems are called semi-Fibonacci program-
ming under a nonhomogeneous constraint. The constraint
with by = by = .-+ = by, = 0 is called homogeneous.
The semi-Fibonacci programming is a quadratic program-
ming.

This expression suggests how to express the 2n-variable
pair (P), (D). It turns out that the pair has an identical
optimal solution (point and value), which is characterized
by the first (2n + 1) Fibonacci numbers (Table 1):

}‘_‘17 FQ, ey an, F2n+1.
The Fibonacci sequence {F,} is defined as the solution to
the second-order linear difference equation,
(1)

Tp4+2 — Tptl — Tn = 07 =1, g =0.

Table 1  Fibonacci sequence {F,}
n o 1 2 3 4 5 6 7 8 9 10 11
F, 10 1 1 2 3 5 8 13 21 34 55 89
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Dualization — Inequality Method —

First we discuss a pair of an 8-variable conditional mini-
mization problem

Lemma 2

(i) (Inequality) It holds that g(u) < f(y) for any feasible
solutions y, (.
(ii) (Equality)
y = p.

The sign of equality holds if and only if

minimize  yf +y3 + 3 +yi +v3 + 8 (iii) (Linearity) Furthermore it holds that
+y7 + v — 2(bry1 + bays + bsys + bryr)
subject to (1) yrtye—ys = by fly) = —(bry1 + bsys + bsys + bryr)
(PY (i) ys+ya—ys = b +(b2y2 + bays + beys + bsys)  (3)
(i) y5 +vs —yr = bo g(p) = —(bapr + baps + bsps + brpr)
(IV) Y7 +ys = bg —i—(bg/,Lg + byprg + bl + bg/jg). (4)
(v) ye R
and an 8-variable conditional maximization problem Proof. (i) Our approach is based upon an elementary

Maximize —(pf + 43 + p3 + pi + 43 + pg + pF + pg)
+2(bapto + bapra + bepie + bspg)

subject to (1) w1 —pe = b
(DY (ii)" po +p3 — pa = b3
(iii)" g4 + ps — pe = bs
(iv)' pe +pr — ps = br

(v) weR®
where b = (b1, b, ..

Theorem 1 (Duality Theorem)

(i) (Weak Duality) It holds that (1) < f(y) for any pair
of feasible solutions (y, u).

.,bs) € R® is a constant.

(ii) (Strong Duality) There ezists a pair of feasible solu-
tions (9, u*) satisfying f(9) = g(u*).
(iii) (Optimal Solution) The solution § is an optimal so-

lution for (P)’, while the solution u* is an optimal solution
for (D).

Note that (ii) implies (iii). In the following we show (i)
and (ii).
Lemma 1 (Complementarity) It holds that
8
> ykmk = (biyr + bsys + bsys + bryr)
e +(b2piz + bapia + beig + bspis)

under the constraints (i)~ (1v) and (i)' ~(@{v)’:

(2)

g1 — p2 = b
M2+ p13 — pg = b3
pa+ ps — pe = bs
He + pir — pg = br.

Y1 +y2 —ys = by
Y3 +ys —ys = by
Ys +Ys —y7 = bg
yr +ys = bg
Proof.
8
> ki = yi(ua+b1) + (s — y1 + bo)pia
k=1 +ys(pa — p2 +b3) + (Y5 — y3 + ba) s
+ys (i — pa + bs) + (y7 — ys + be) 6
+yr(us — p6 + br) + (bs — yr)ps
(b1y1 + bays + bsys + bryr)
+(bapio + bapra + bepie + bgpig).

inequality with equality condition
2¢X < 22+ 2% on R?; z=\

Let y and s satisfy the constraints (i)~ (iv) and (i)'~ (iv)’,
respectively. Then by applying the inequality 8 times and
summing over k = 1,2,...,8, we have the inequality with
equality condition:

8 8

8
2Y gk < D YR Y pdiye = 1<k <8.(5)
k=1 k=1 k=1

Lemma 1 implies that

8
> ykmk = (biyr + bsys + bsys + bryr)
=t +(b2pi2 + bapra 4 bepi + bspig). (6)

From (5) and (6), we have an inequality

8

- Z 11, 4 2(bapiz + bapta + beps + bsps)
=1

8
< > yk = 2(biyr + bays + bsys + bryr). (7)
k=1

Hence it holds that g(p) < f(y) for any feasible y and pu.
(ii) The sign of equality holds if and only if

Thus (P)’ and (D)’ are dual to each other.

(iii) Furthermore, the complementarity (2) with y, =
we 1 <k <8 yields

8

> ui

k=1

(bry1 + b3ys + bsys + bryr)
+(bapio 4 baprg + bepig + bgpig).

(®)
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Thus we obtain

fly) = yi+-+yi—2(biyr + bsys + bsys + bryr)
= (biy1 + b3ys + bsys + bryr)
+(bap2 + baprs + bepis + bspis)
—2(b1y1 + b3yz + bsys + bryr)
= —(biy1 + b3yz + bsys + bryr)
+(b2y2 + baya + beys + bsys)
g(p) = — (T + -+ ) + 2(bapsa + bapia + bepi + bspis)

—(b1y1 + bsys + bsys + bryr)
—(bopta + bapra + bepe + bspis)
+2(bapsa + bapra + be i + bspis)

—(bip1 + bspus + bspis + brpur)
+(bapro + bapea + beps + bsps).

Od
Thus it holds that
g(p) < fly)
for any feasible pair (y,u). The equality g(u) = f(y)
holds iff (i)~(iv), (e), (i)’~(iv)’ holds :
Y1+ y2 —ys = ba p1— p2 = b1
Ys+ys—ys = by P2+ p3 — pa = b3
(EC)"  ys+ys —yr = be Ha + ps — pe = bs
y7 +ys = bs M6 + pr — pig = by
yp = ur 1< k<8

This is a system of 16 linear equations in 16 variables,
which is equivalent to two (identical) systems of 8 equa-
tions in 8 variables

Y1 —y2 = by Y1 +y2—ys = b2
Yo +ys —ya = bs Ys+ys—ys = ba
Ys+ys —Ye = bs Ys + Y6 — Y7 = be
Y6 +y7 —ys = br Y7 +ys = bg

yp =tk 1 <k <8
From Lemma 3, (EC)’ has a unique identical solution
s 18);

(?jl’ QQv O /gS) = (/“LT7 H;’

1
5(21131 + 13bz + 8b3 + 5ba + 3bs + 2bg + by + bg )

i = p1 =

Go = ph = 3—14(—13171+13b2+8b3+5b4+3b5+2b6+b7+b8)

g3 = p3 = %(Sbl—8b2+16b3+10b4+6b5+4b6+2b7+2b8)

Ja = py = i(_g)bl+5b2—10b3+15b4+9b5+Gb6+3b7+358)
g5 = pi = 3—14(3b17362+6b37964+1565+10b6+567+5b3)

96 = pg = 3—14(—2b1+2b2—4b3+6b4—10b5+16b6+8b7+8b8)
g7 = uy = ?Z(bl—b2+2173—3b4+565—8b6+13b7+13b8)

g8 = pg = 3—14(7b1+b272b3+3b475b5+8b6713b7+21b8)4

Further from (3), (4) it turns out that a minimum value

8
m' =Yk — 2(bain + bsfs + bsis + brijr)
k=1
is linear with respect to the minimum point § =
(Q17 g?» ey :&8):
m' = —(bii + bss + bsPs + brr)

+(ba¥2 + bafa + bsYs + bss)

and the same maximum value
8
M’ = =" + 2(bapus + g + bepus + bspus)
k=1

is linear with respect to the maximum point p*
(1, p3, ooy pg)
M’ = —(bip] + bsps + bsps + brpz)
+(b2pu5 + bapiy + bopig + bspig)-

Lemma 3 (Fibonacci solution) The system of 8 linear

equations in 8 variables

y1+y2—ys = b2
Ys+ys—Ys = by
Ys +ys — Y7 = be

Y7 +ys = bg

Y1 —y2 = by
Yo +ys—ys = b3
Ya+Ys — Ys = bs
Yo +yr —ys = by

(NF)

has a unique solution y = A~1b:

21b1 + 13b2 + 8b3 + 5byg + 3bs + 2bg + by + bg
—13b1 + 13b2 + 8b3 + 5bg + 3bs + 2be + by + bg
8b1 — 8ba + 16b3 + 10bg + 6b5 + 4bg + 2b7 + 2bg

1 —5by + by — 10b3 + 15b4 + 9bs + 6bg + 3b7 + 3bs (9)

34 3by — 3bg + 6b3 — 9by + 15bs + 10bg + 5b7 + Hbg
—2b1 + 2bo — 4bs + 6bg — 10b5 + 16bg + 8b7 + 8bg
b1 — bo + 2bs — 3bg + 5bs — 8bg + 13b7 + 13bg
—by + by — 2b3 + 3bg — 5bs + 8bg — 13b7 + 21bg
where
1 -1 0 0 0 0 0 0
1 1 -1 0 0 0 0 0
0 1 1 -1 0 0 0 0
0 O 1 1 -1 0 0 0
A=100 0o 1 1 -1 0 o |10
0 O 0 0 1 1 -1 0
0 O 0 0 0 1 1 -1
0 O 0 0 0 0 1 1
and A1 is the inverse matriz of A.
O

The minimum point § and the maximum point p* are
expressed as a linear form :

g =p=A"

where A™! is
Fg Fr Fe Fs Fy F3 Fy P
—F7 F7Fy Fe I F5 FyFy FgFy  FaFy  Fy
Fg —Fgl2 Fg I3 F5F3 FyF3 F3F3 FaF3 F3
1 —Fy F5Fy —F5F3 F5Fy FyFy FyF, FoF; Fy
Fy Fy  —Fy4F3 FaF3  —FyFy FyFs5 F3Fs  FaF5; Fp
—F3 FgFy  —F3F3 F3Fy —F3Fj F3Fg FaFg Fg
Fa  —FF3 FaF3  —FaFy FaF5  —FpFg FoF7  Fp
—F Fa —F3 Fy —Fs Feg —F7 Fg
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a quadratic form :

where B is

_Fy
_F7
_Fg
1 —F5
Fg | —Fa
_14‘3
—Fy
_F

Both problems have an identical optimal solution charac-

—F,
F7Fy
Fg Iz
F5Fa
FyFa
F3Fy
FaFy

Fa

!
m =

—Fg

Fe I
—Fg I3
—F5F3
—Fy4F3
—F3F3
—FaF3

—

M’ = (b, Bb)
—Fs —Fy —F3 —F2
F5 Iy FyFy F3Fy FaFy
—FsF3 —F4F3 —F3F3 —FaF3
F5Fy FyFy F3Fy FaFy
FyFy —FyF5 —F3F5 —FaoFy
F3Fy —F3Fp F3Fg FaFg
FaFy —F3Fp FaFg —FaFy7
Fy —Fs Fe —F7

terized by the first nine Fibonacci numbers

Thus (P) and (D)’ satisfy Fibonacci identical duality

(FID):

1. (Duality) Both problems are dual to each other.

2. (Identical) Both problems have an identical optimal

P, B, ...

solution (point and value):
(g,m") = (u*, M").

3. (Fibonacci) The optimal solution is Fibonacci in the

following sense.

J = diag(—1, 1,

-1, 1,

, Fy.

~1,1, -1,

and the matrix A is same as (10).

1
Note that the inverse matrix A= = —

Fy

1),

(a;5) consists of

These elements are called outer. The other elements are
are called inner. All the inner elements are determined by
two outer elements through multiplication:

{aiééalj 1<g

aij = ) .
—a;1ag; 1> ]

_p L.
v, _ {Fing i<j
Fz (1) Fy_F; i>j.

—py
Fs . .

_ry 2n-variable Pair
Fg

Let us consider a pair of a 2n-variable problem

minimize y? +y3 + - + 93,
—2(b1y1 + b3yz + -+ - + ban—1Y2n—1)
subjectto (1) y1 +y2 —ys = b
(2) ys+ys—ys = bs
(P) :
(m—1) yYon—3+Yon—2 — Yon—1 = ban—2
() Yon—1+y2n = bay
(n+1) ye R

and a 2n-variable problem

The identical optimum point § = Maximize —(u3 + p3 + -+ u3,)
" = A~'bis linear, while the identical optimal value
m' = M' = (b, Bb) is quadratic, where B = JA™!;

+2(b2,u2 + baprg + -+ b2nﬂ2n)
subjectto (1)) pu1 —p2 = by
(2) p2+ pz — pg = b3
(D) (3)" pa+ps —pe = bs

()" pon—2 + pon—1 — pon = ban—1
(n+1)/ ue RQn

the four frames (first row, last row, first column and last

column):

where b = (by,ba,...,bs,) € R?" is a constant. Let us
denote the objective functions by f and g :

(an, aiz, a3, a4, Gai5, aie, Q17 (118)
= (Fs, Fr, F5, F5, Fy, F3, F», F1)

( asi, as2, ass,

= ( —-F, F, -—Fs,
ar Fy

as —Fr

asy Fg

ann | | —F5

asi | Fy

ag1 —F;

ar Py

asy -

That is,

alj = Fg

ag4, 0asgs,

7‘]',

F47

aig
azg
ass
Q48
asg
aes

arg

ass

7F5> FGa

ase, agr, ass)

asj = (~1)'F}

ain = (=1)"1Fy_,

a;8 = Fz

f) = vi+ys+-+u,
—2(biyr + b3yz + -+ + bap—1Y2n—1)

g(w) = —(ui +p3+ -+ us,)

7F77 FS ) )
+2(bapz + bapta + -+ + banpizn).
Fy
P Theorem 2 (Duality Theorem)
2 (i) (Weak Duality) It holds that g(p) < f(y) for any pair
B of feasible solutions (y, u).
Fi (ii) (Strong Duality) There exists a pair of feasible solu-
Iy tions (9, u*) satisfying f(§) = g(u*).
Fs (iii) (Optimal Solution) The solution § is optimal for (P),
F, while p* is optimal for (D).
Fy
Lemma 4 (Equality) It holds that

2n

> ykmk = (biyr +bsys + -+ + ban—1y20-1)

=t +(bap2 + baprs + -+ -+ bappizn) (11)
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and (1)’ ~(n)’:
Y1 +y2—y3 = by

under the constraints (1)~ (n)

Ys+ys—ys = b
Ys + Y6 — Y7 = bg

Yon-3 + Yon—2 — Yon—1 = bap_2
Yon—1 + Yon = bay
p1—p2 = by

H2 + p3z — g = b3
pa + ps — e = bs

H2n—4 + flon—3 — Han—2 = ban_3

Pon—2 + Hon—1 — Hon = b2n—l~

Lemma 5

(i) (Inequality) It holds that g(p) < f(y) for any feasible
solutions y, .
(ii) (Equality)
y = p

(iii) (Linearity) Furthermore it holds that

The sign of equality holds if and only iff

fly) = —(biyr +bsys + -+ ban_192n—1)
+(boya + bays + - - + bopyon)  (12)
g(n) = —(bipr 4+ baps + -+ + ban—14i2n—1)

+(bapiz + bapus 4 - - + bappion). (13)
Thus it holds that

glp) < fly)

for any feasible pair (y, ). The sign of equality holds iff
(1)~(n), y = p, (1)’~(n)’ holds :

Y1 +y2 —ys = b
Ys+ys—ys = ba
Ys + e — Y7 = be

Yon-3 + Yon—2 — Yon—1 = bap_2
Yon—1+Yon = bay
(EC)
M1 — H2 = by

Mo+ ps — pa = b
Ma + ps — e = bs

H2n—4 + Hon—3 — HU2n—2 =

b2n73
Hon—2 + Hon—1 — flon, = ban—1
Yk = Uk 1<k<2n.

This is a system of 4n linear equations in 4n variables,
which is equivalent to two (identical) systems of 2n equa-
tions in 2n variables. From Lemma 6, (EC) has a unique
identical solution

(glv :QQ’ ERE) Z}?n) = (:U‘Tv /1/;7 ceey :U';n)

Lemma 6 (Fibonacci solution) The system of 2n linear
equations in 2n variables

Yyr—y2 = b
Y2 +ys —ys = b3
Ya+ys —ye = bs

Yon—a +Y2n—-3 — Y2n—2 = bop—3
Yon—2 + Yan—1 — Yon =
y1+y2—ys = be
Yst+ys—Ys = bs
ys tys —yr = b

bon—
(NF) 2n—1

= b2n—2
= b2n

Yon—3 T Y2n—2 — Y2n—1
Yon—1 + Yan

has a unique solution:

1
Yy = Fi( Fopby + Fop_1ba + Fop_obz + - -
2n+1
+ F3bop—_2 + Fobap_1 + Fibay, )
1
Y2 = 7 (—Fon—1b1 + Fop_1Foby + - -
2n+1
+ F3Fyban—o + FoFoban_1 + Fobay )
1
Yon—1 = ; (Foby — FoFsby + FoF3bg — - - -
n+1
— FyFop_9bop_o 4+ FoFon_1ban—1 + Fap_1b2y, )
1
Yan = 5 (—F1by + Foby — F3bg + - -
2n+1

+ Fop_oban—2 — Fon_1ban—1 + Fopbap ).

O

The equation (NF) is written as vector-matrix form
Ay =15b

where A is the 2n x 2n matrix, and y, b are the 2n-vectors:

1 -1 0 0 0
1 1 -1 0 0 0
0 1 1 0 O
a=| |
0 1 -1 0
0 1 1 -1
0 0 1 1
Y1 b1
Y2 ba
y= L b=
Yon b2n

The matrix A has the inverse A1 is
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o Fop_1 ... Fy "
—Fan—1 Fon_1F> Py s
Fon_o —Fop_oF» FyF3 F3
1
Fant1 : : :
—F3 F3F FoFop—2  Fon—2
Fs —F2F FoFop—1  Fop-1
- F» —Fap_1 Fop

(14)

Let us define a 2n x 2n diagonal matrix J := diag(ai;)
with Q45 = (71)1 :

J = diag(-1,1, -1, 1, ..., =1, 1).
Letting B := JA™!, then we get
—Fyn —Fona —Fop_o ... -
—Fop1 Fop 1> Fop_oFy ... 3
—Fon—o  Fop_oFs —Fop_oF3 —F3
o 1
T Fann : : :
—F3 Fs3Fy —F3F}3 Fon—2
—F> FaFy —FhF3 —Fon_1
- F —F3 Fon

Hence the equation (NF) has the solution mentioned
above. Thus the primal (P) has a minimum value m =
(b, Bb) at the (minimum) point §. The dual (D) has a
maximum value M = (b, Bb) at the (maximum) point p*.
Thus both problems satisfy Fibonacci identical duality
(FID).

A Homogeneous Pair

We consider a simple case by = by =---=b; =0, bg =c.
Then (P)” and (D)” reduce to

minimize ¥ + 43 4 - - - + y2
subject to (i) vi+y2 =y
Py @)m+m:%
(iii) ys +ys = yr
(iv) yr+ys =c
(v) ye R®
and
Maximize

—(ud 443+ ) + 2eps
!

subject to (1) p1 = pe
(D) W% 2 s =
(ii)" g+ ps = o
(iv)" pe +pr = ps
(v) weRs

, respectively. It turns out that (P)” has a minimum value
F;
m = ?8(22 and (D)” has the same maximum value M"” =
9
F;
?802 at the common optimum point. Both problems
9
have an identical optimal solution characterized by the

first five Fibonacci numbers

F, F, ..., Fy.

Thus both the problems satisfy Fibonacci identical dual-
ity (FID):
1. (duality) (P)” and (D)” are dual to each other.

2. (identical) Both have an identical optimal solution
(value and point).

F;
3. (Fibonacci) (P)” has a minimum value m” = ?802
9
at a minimum point
N L . c
y= (y17 Y2, .-, yS) = 7(F1a Fay oy F8)
9
" : " FS 2 .
(D)” has a maximum value M"” = —=¢* at a maxi-
9
mum point
* * * * c
n= (/’1’17 Hos vy /1’8) = ?(F17 FQ? R FS)
9

Both the optimum points constitute a Fibonacci se-
quence.
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Ths. MEEOHKITERREI 74 ATy F L lidInsd. 7206, ZALMEITERKENEZ OB I 7 ¢ R > FatHE & &
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